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Summary 
 
When constructing a building, manufactured materials are used. That is the 
reason of their excellent material properties. In the case                               
of the foundation, the natural condition of the soils must be almost 
respected. The geostatical stress plays a significant role on the subsoil 
behavior because it is the de facto natural form of the soil compaction. The 
soil has a memory of the highest stress that has been ever loaded. The soil 
can be considered incompressible if the magnitude of a surcharge is lower.              
In engineering practice the construction of higher buildings is founded       
in a deeper hole so that the depth of the influence zone achieves                  
an acceptable value for the future surcharge of the upper structure.   For 
extremely tall buildings, the deep hole foundation must be prolonged by the 
piles. In particular, this article deals with laboratory testing that provides     
the preconsolidation. In Czech, we use the structural strength of soil. The 
test provides the initial void ratio and the initial coefficient of fully saturated 
hydraulic conductivity, as well. The isotropic consolidation test in triaxial 
test apparatus and consequent knowledge of the pore pressure course was 
chosen to determine the initial soil properties, including                             
the preconsolidation level. Derived theory together with the genetic 
algorithms provides an efficient tool for the determining parameters.  Good 
knowledge of the influence zone is crucial when solving soil structure 
interaction. The progress of the influence zone was considered from the 
extensive research carried out in the UnB Brasília. Thus, using                  
the measurements, the preconsolidation and its effect were verified in situ. 
The derived formulas and presented graphs for influence zone depth 
estimation have considerable importance for civil engineering practice.                     
The Kantorovich method together with the strategy of convolution was used 
to reach dimensional reduction when deriving analytical formulas. 
Recommended results and formulas were verified via FEM code ADINA. 
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Souhrn 
 
Při realizaci vrchních staveb jsou zejména používány materiály speciálně 
vyráběné pro tyto účely, čemuž odpovídají i jejich výborné materiálové 
vlastnosti. V případě spodní stavby se  tyto materiály dají využít  jen 
omezeně. Musíme se smířit s tím, že o chování podloží a jeho 
materiálových vlastnostech již dříve rozhodla příroda. Vlastnosti podloží 
jsou zcela neodmyslitelně ovlivněny geostatickou napjatostí, což je de facto 
forma přírodního hutnění. Jestliže zatížení dosahuje menších hodnot, než na 
které byla struktura zeminy zhutněna, předkonsolidována, v českém jazyce 
se vžil termín strukturní pevnost zeminy, je její deformace prakticky 
zanedbatelná. V inženýrské praxi se toho využívá tak, že při stavbě vyšších 
objektů zakládáme v hlubších jamách tak, aby deformační zóna dosahovala 
přípustné hloubky a deformace podloží vlivem přitížení byla pro vrchní 
stavbu přijatelná. Pro mimořádně vysoké budovy, kdy stavební jámy by 
byly v daných hloubkách nerealizovatelné, se „spouštíme“ k nejúnosnějším 
vrstvám prostřednictvím pilot. Předkládaný příspěvek se zabývá mimo jiné 
laboratorním stanovením strukturní pevnosti zeminy, předkonsolidace,  
stanovením počátečního čísla pórovitosti a počáteční nasycené hydraulické 
vodivosti. Ke stanovení počátečních vlastností zeminy byl použita znalost 
vývoje pórových tlaků v průběhu isotropní konsolidace v triaxiálním 
přístroji. Odvozená teorie spolu s technikou genetických algoritmů 
poskytuje účinný sofistikovaný aparát k určování zmíněných skutečností. 
Při řešení problematiky interakce vrchní stavba - podloží je důležitá znalost 
hloubky deformační zóny pod základem. K ověření vývoje hloubky 
deformační zóny byly využity rozsáhlé výzkumy provedené na UnB 
Brasília. Na základě odvozených teorií byly strukturní pevnost zeminy a 
vliv deformační zóny validovány in situ. Značný význam pro stavební praxi 
mají odvozené vzorce a grafy sloužící k rychlému odhadu deformační zóny. 
Při odvozování analytických vzorců byla k dimensionální redukci použita 
Kantorovičova metoda posílená a strategii konvolucí. Odvozené vzorce 
byly verifikovány prostřednictvím MKP kódem ADINA. 
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1   Introduction 
 
It has been experimentally confirmed that a soil substantially changes its 
material properties when subjected to external loading. Apart from that,    
the soil, when subjected to a certain loading history, has the ability             
to memorize the highest level of loading mathematically represented          
by the over-consolidation ratio, and initial void ratio. In its virgin state,     
the soil deformability is relatively high. On the contrary, following                        
the unloading/reloading path shows almost negligible deformation until     
the highest stress state the soil has experienced ever before is reached [1], 
[2], and [21]. To study this behavior of soil, we performed several small 
laboratory tests. Transport processes were observed carrying out isotropic 
consolidation in triaxial test apparatus. Employing genetics algorithms, soil 
parameters were determined comparing the pore pressure course (measured 
and calculated) [9], [17]. In large scale, the effect of over consolidation was 
simultaneously investigated by way of rigid plate and piles working 
diagrams analysis. Both the finite element technique and elastic layer theory 
were employed in back analysis of the measured data. The great effect       
of overburden was observed on the depth of the influence zone in deep hole 
foundations [12], [13]. This study is in general focused on the description   
of preconsolidation effects by self weight of overburden and on selection    
of the main parameters characterizing this memory of the subsoil.  
   
 
2   Preconsolidation, structural strength, in laboratory testing  
 
The test was arranged in two runs, loading/reloading. Readings were taken 
of the highest level of effective mean stress. Referring to experimental 
measurements carried out in the triaxial apparatus, the isotropic 
consolidation can be viewed as one phase flow in a fully saturated 
deforming medium undergoing small deformation. When neglecting   
the body forces, the hydrostatic state of stress maintained during       
the experimental measurement gives 
 
 ( )tzyxx ,,,σ  = ( )tzyxy ,,,σ  = ( )tzyxz ,,,σ  = ( )tmσ ,              (1) 

 
where mσ  is the total mean stress. Following the Terzaghi-Fillunger 

concept of effective stresses, this quantity can be expressed in terms         

of the pore pressure ps and the effective stresses between grains ffe
mσ  

as 

mσ = ffe
mσ - sp .                                                 (2) 
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Figure 1: Bilinear form of the normal consolidation line 
 

Assuming full saturation (Sw = 1) the pore pressure ps equals            
the pressure in the liquid phase pw. Referring to experimental conditions, 
the total mean stress remains constant throughout the consolidation 
process. The assumed stress homogeneity together with Eq. (2) then 
provide 

 
                 mσ&  = ffe

mσ& - wp& = 0,                                       (3) 

where (
⋅
) represents the time derivative ( )∂ / t∂ . Transport of the 

liquid phase throughout the soil sample can be described by the 
following set of equations: 
 

Transport equation  

wJ  = w
w

w

pgrad
K ⋅−
γ

ρ ,                                     (4) 

where Jw is the mass flux of pore water, wγ  = wgρ   is the specific 

weight of water, wρ   is the intrinsic mass density and K represents      

an instantaneous coefficient of permeability. 
 

Balance equation reads 
 

V
wερ & + wJdiv = 0 .                                                     (5) 
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The volumetric strain Vε  follows from the  

Constitutive equation     
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they were derived for the case of the modified Cam clay model from             
the bilinear consolidation line, Fig. 1. The initial branch, often referred to 
as κ - line, gives evidence of the previous stress history and represents 
the effect of preconsolidation. The slope discontinuity between the κ  

and λ - lines can be identified with the structural strength of the soil 

given in terms of a certain level of the effective mean stress ffe
mσ = 

cp− ( cp  is termed the preconsolidation pressure). 

Differentiating Eq. (7) with respect to time gives the rate                
of volumetric strain in the form  

 

  )(tVε&  = 
01

)(

e

te

+
&

 = 
)(

)(
1 0 t

tp

e ffe
m

w

σ
λ &

+
− .                          (8) 

 
Substituting Eqs. (4) and (8) into Eq. (5) and taking into account the 

actual triaxial set-up, in which only the bottom face of the cylinder is 
drained, lead to 

 

)(
)(

)(
1 0 tp

z

tp
(t)K

z
tσ

λγ

e w
w

ffe
mw &−









∂
∂

∂
∂+−  = 0 .         (9) 

 
It has been validated experimentally that in the case of isotropic 

consolidation a mere power law written as (more in [6], [9], and [11])  
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represents the soil behavior fairly well. The dependence of the actual 
void ratio e on the effective mean stress, Eq. (7), together with Eq. (10) 
provide 
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Introducing Eq. (11) into Eq. (9) finally yields. 
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a similar equation can be derived for the unloading branch when 

replacing λ  by κ and 0e  by 0e  in Eq. (12) 
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The main objective of these steps is to introduce a simple yet accurate 

numerical technique for extracting material parameters of clayey soils that 
behave according to the Cam clay model, from a simple one-dimensional 
consolidation test. To introduce this task, recall that reproducing laboratory 
data requires supplying the structural strength parameter cp , the initial 

void ratio 0e , the initial coefficient of permeability 0K ,  the swelling 

index κ  and the compression index λ . The last two material 
parameters and the starting value of preconsolidation pressure could 
be specified from the steady state response corresponding to the 
diagram shown in Fig. 1. This however, would require carrying out a 
number of isotropic       
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consolidation tests for several predefined levels of isotropic pressures 
attained at the end of the consolidation process while measuring at the 
same time the change in volumetric strain Vε∆ . Such an approach 

would become not only time consuming but also would be burdened    
by an additional experimental error associated with the difficulty of 
measuring Vε∆ and the determination of 0e  and 0K  would require 

additional laboratory tests. In addition a trial and error method would 
have to be used to determine  the remaining parameter m. 

A simple solution avoiding such difficulties is offered   by following 
the steps of mixed experimental and numerical methods. In such a case, 
combining the experimental measurements and numerical computations 
in a suitable optimization environment provides an efficient tool           
for inferring the desired parameters from a single laboratory test.          
In particular, matching experimentally obtained data with those derived 
numerically might be the simplest view at a complex optimization 
procedure that provides the desired results. 

To that end, recall Eq. (12) describing the excess pore pressure 
variation during consolidation. In view of the optimization problem,    
the used material and structural strength parameters ( 0e , ),.,,0 mpK cλκ  

now become the search variables to be found by minimizing the 
following function 

F  = 
2

1

))()((∑
=

−
κ

k
k

w
k

w tptp . 

 
In keeping up with the general scheme of the paper, we will 

limit our attention to two essential parameters, namely the 
preconsolidation pressure pc representing the loading history and the 
exponent m affecting the time variation of the coefficient of 
permeability, Eq. (10) (details    in [11], [17]). 

 
To derive a robust numerical procedure, the optimal parameters were 

sought comparing numerical data with measured values of pore pressure. 
Example of result is listed bellow in Tab. 1.   

 
Table 1: Optimal material parameters 

 
κ [kPa]  λ [kPa] e0 K0 pc [kPa] m 
0.012 0.074 0.56 1.53 e-9 28.45 4.7 
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Figure 2: Time variation of pore pressure 
 

An influence of the preconsolidation pc and influence of the 
parameter m, describing the change of the permeability coefficient, 
are clearly presented in Fig. 2 

Finally, the proposed theory is highlighted in Fig. 3. It is seen, that 
theoretical and measured loading/reloading curves fit fairly well (all 
details in [9]). 

  
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 3: Time variation of pore pressure 
 
3   Validation of preconsolidation in situ and its testing  
 

The pre-designed Brazilian capital Brasília, located in the Federal 
District of Brazil, was designed to house only the main Governmental 
administrative institutions and its public employees. Nevertheless, it has 



 12 

increased four times more than what was initially forecasted and is still 
expanding. Construction is advancing through distinct (geological) zones of 
this same district, and allowing the use of distinct techniques for deep 
foundation deployment and design. 

Hence in 1995, the University of Brasília started a major research 
project, in order to enhance the knowledge on the behavior of the typical 
deep foundations that are founded in the stratified, tropical subsoil of the 
Federal District. It was decided to carry out horizontal and vertical field 
loading tests on locally used foundation types. These foundations had 
full-scale dimensions and were placed within the University of Brasília 
campus at the experimental research site of the Geotechnical Post-
Graduation Program. The geotechnical profile of this campus is composed 
by the typical unsaturated “porous” clay of Brasília. In addition, field 
loading tests on full-scale instrumented foundations outside campus were 
also carried out. In all cases, the tests were performed with the cooperation 
of local engineering companies and University staff. 

 

 
 

Figure 4: Location of the Studied Sites. 
 

A mechanically bored pile founded in the University of Brasília campus 
(UnB research site) is analyzed together with instrumented piles from two 
other engineering sites within this same District. One of them is a 
continuous flight auger type pile located in the North Wing of Brasília 
(212N site), close to the University Campus, and founded in the same 
geological material. The other is a mechanically bored pile excavated      
with bentonite mud, located in a site around 25 km from the University 
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Campus (Taguatinga site), and founded in a foliated and stratified material 
which originates from slate decomposition. 

The experimental curves of pile load versus displacement, structural 
load transfer along the pile’s shaft, and average skin friction and base 
pressure versus loading level are presented and compared to numerical 
predictions from a semi-analytical procedure. This procedure is coded in the 
industrial software denominated GEO4 Pile modulus that was developed                 
in cooperation between the Department of Mechanics, Faculty of Civil 
Engineering, CTU in Prague and Fine Ltd. Software Company. 
 
Table 2: General Geotechnical Parameters of the UnB Site (Cunha et al. 
1999). 

 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
OBSERVATIONS: 
a- Triaxial CK0D tests-Inundated Soil and at natural humidity; 
b- Triaxial CK0D tests: Soil at natural humidity-50% failure deviator stress;  
c- Triaxial K0 tests: Soil at natural humidity. 
 
The results of back analysis are depicted in Fig. 5 and Fig. 6. The necessity 
for a further refinement for both 212N and Taguatinga analyses is evident 
when comparing the load transfer curves of these same sites, as respectively 
done in Fig. 7 and Fig. 8. Hence, although refinement is required, the results 
can be already considered suitable from a practical point of view, if one  

 Parameter             Unit       Range 
Sand percentage % 12-27 
Silt percentage % 8-36 
Clay percentage % 80-37 
Dry unit weight kN/m3 10-17 
Natural unit weight kN/m3 17-19 
Moisture content % 20-34 
Degree of saturation % 50-86 
Void ratio -- 1.0-2.0 
Liquid limit % 25-78 
Plastic limit % 20-34 
Plasticity index % 5-44 
Drained cohesiona kPa 10-34 
Drained Friction anglea degrees 26-34 
Young’s Modulusb MPa 1-8 
Coefficient of Collapse % 0-12 
Coeff. Earth Press (K0)c  -- 0.44-0.54 
Coeff.Permeability cm/s 10-6-10-3 
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accepts as valid and within tolerable range (in engineering terms) the errors 
involved in this first series of analyses. 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Load-Displacement Curve Obtained for the 212N Pile 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 

Figure 6: Load-Displacement Curve Obtained for the Taguatinga Pile. 
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Table 3:  Back analyzed Geotechnical Parameters from All Sites via GEO4 
Software. 

 
OBSERVATIONS: (*) Average estimated values based on few, non-

statistical, results 
φ´ = Effective Friction Angle; c´ = Effective Cohesion; E = Young 

Modulus; γ = Apparent Unit Weight; 
νsoil = Poisson Coefficient = 0.3; K = Coeff. of Earth Pressure; γsoil = 

16.5 kN/m3 
Structural Parameters: E = 20000 MPa (UnB, 212N) and 30000 MPa 

(Taguatinga), γconcrete = 25 kN/m3 

 
Figure 8 presents the comparison of load transfer curves for the Taguatinga 
pile. It indicates that a fairly good result was obtained, and a better (than 
212N pile) agreement was achieved. Similarly as before, one can affirm that 
the analyses can be already considered as valid from a practical point         
of view. Indeed, the comparison of average unit skin friction and percentage 
of base load between numerical and experimental values is good. It is 
observed that, for the failure condition (3200 kN), ≈42% of the applied load 
at the pile’s head was transmitted to the base of this pile (numerical 
prediction). 

At working condition (1600 kN) however, the software has estimated 
that ≈11% of the applied load at the pile’s head would be transmitted          
to the base of this pile. Also at this latter condition, the comparison of 
average unit skin friction between numerical (≈56 kPa) and experimental 
(≈40 kPa) values was reasonably good.  
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Figure 7: Load Transfer Curve – 212N Pile. 
 
This value is very close to the value that has been experimentally 

measured throughout the test (as given before, in the range of 40%).  
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 8: Load Transfer Curve - Taguatinga Pile. 
 

The discrepancies are again related to the fact that the pile was founded 
in a very hard soil stratum (saprolite), which was not perfectly simulated in 
this first analysis. 
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Figure 9: Comparative Results for the 212N Pile. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 10: Comparative Results for the Taguatinga Pile. 
 

The lack of agreement for the base pressure is directly related to the fact 
that the analyses lacked to properly model the last layer or the foundation 
layer, where extremely high values of unit pressures took place and were 
indirectly measured. In numerical terms, a unique and particular soil spring 
was assigned to this last layer. Since it is evident from Figs. 9 and 10        
(in particular the latter one) that the numerically predicted base pressures 
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were substantially lower than the measured values, one can conclude that 
the stiffness of this spring was not properly incorporated in the analyses.     
A fine readjustment of the stiffnesses for both situations, increasing towards 
more representative values, would certainly improve the matching quality   
of the load transfer curves of Fig. 9 and Fig. 10, especially at the deepest 
pile sections.  

The experience gained with these analyses has demonstrated that a deep 
strata, stiffer than the overlying layers and leveled to the pile’s base,       
shall be incorporated in the numerical back analysis. This holds particularly 
true for the Taguatinga site, where the pile was founded on a hard saprolite 
medium. It was also learned of the importance of having instrumented piles     
at the site. Although such efforts may increase construction costs,              
the assistance of the instrumentation in guiding and benchmarking the back 
analysis is immeasurable (more information in [3], [4]). 

 
4   Elastic layer theory, basic ideas of dimensional reduction  
 
The aim of the analytical solution is to determine the deformation               
of an elastic layer in the vertical direction. The solution procedure builds 
upon neglecting the horizontal displacements similar to standard 
assumptions applied to the analysis of Westergard subspace. Clearly, such 
an assumption results in a stiffer soil response thereby providing an upper 
estimation of the depth of influence zone. The problem formulation is 
evident from Fig. 11. Referring to the Kantorovich method (details in [19], 
[20]) the distribution of the displacement field is obtained in the form 

 
 

Figure 11:  Formulation of the elastic layer solution  
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where the functions ( )zjψ , j=1,3,5,...  represent a complete set of base 

functions. Let us calculate the components of the small strain tensor.        
The small strain tensor is the symmetrical part of the gradient matrix tensor. 
From (14), it yields: 
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Notation 
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∂  is used for the partial derivative. 

For the stress-strain relation, Hooke’s law is adopted: 
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Symbols  GEE oed ,,,ν   represent known values of Young’s modulus, 

Poisson’s ratio, oedometric modulus and shear modulus, respectively. 
Lagrange’s principle of virtual work as the general principle of equilibrium 
is used in the following form: 
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Since the virtual functions wδ  will be used in the same form asw , 
integrating the equilibrium equation in the vertical direction takes the form             
of an infinite number of partial differential equations: 
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In the case of axisymetry or if the uniform load is acting on infinite strip,   
the solution can be searched by solving the system of ordinary differential 
equations.  Otherwise, the strategy of convolution must be employed. Eq. 
(18) is the generalized form of the known Pasternak solution of subsoil (see 
e.g. [5], [7], [10], [18]) 
 
The solution of the partial differential equation can be written                      
as the convolution of the right hand side and the fundamental solution 

jF  

corresponding to the left hand side  
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The function jF satisfies the equation  

 

( ) 02 =+∆− jj FjF α for   022 〉+ yx                                (20) 

 
It is of the form  
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π
 

 
where  ( )22

0 yxjK +α   is the modified Bessel function of zero order (see 

[8], [19]). Due to singularity of 
jF  at [ ]0,0 satisfies the right hand side        

of (19) is evaluated as the limit of integrals over the smaller region 

εε K\Ω=Ω  for ,0→ε  where εK  is the small ball of a small positive 

radius ε  and the center at the point[ ]yx, . Integrating (20) over and 

applying Green’s theorem we can write  
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If [ ]yx,  is not a point of Ω∂=Ω∂Ω∂ εK\, , in particular we can simplify 

and write     
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for [ ] ,, Ω∈yx  
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for [ ] ( ).\, 2 Ω∂∪Ω∈ Ryx  

 
If ( )yxwj ,  for ,...5,3,1=j    are known functions, the stress function 

( )zyxzz ,,σ  takes the form 
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5   The phenomenon of influence zone and its estimation  
  

We introduce the subject considering the distribution of vertical stresses 
according to Fig. 12. Due to excavation to a certain depth h , the original 
geostatic stress state, which sets the initial compaction of soil represented 
by the preconsolidation pressure (see [16]), the highest stress level                
in  the soil recorded during the prior loading history, is reduced. Subsequent 
surcharge at the footing bottom gives further redistribution of the vertical 
stress. It is assumed that in the region where the vertical effective stress                      
due to surcharge at the footing bottom combined with the reduced geostatic 
effective stress (by excavation) does not exceed the original geostatic 
effective stress, the skeleton deformations are negligible. This condition,      
in our sense, describes the depth of the influence zone H ([5], [12]). 
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Figure 12:  The governing idea of the influence zone calculation 
 
Denote the width of uniform load strip 

zf  by a2 , i.e. 

[ ]{ }.,:, Ryaxayx ∈<<−=Ω  The solution ( )zyxw ,,  of (18) is 

independent on ( )zxwwy ,: = . There are an infinite number of the ordinary 

differential equations, together with the boundary and continuity conditions 
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produces the solution 
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Unknown constants 21, AA  of integration result from the condition             

of continuity (of the displacement and its first derivative) in the points 
of a  x = . Inserting these constants into above formula it provides  
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Hence, the function ( )zxw ,  being in the form of series 
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 solves the problem. The component of the vertical stress function zzσ  is 

evaluated by differentiating ( )zxw ,  with respect to z  by terms 
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All three series in the above formula can be summed (more in [8]). Finally, 
the vertical stress 

zzσ  can be written in the form  
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The stress function ( )zxzz ,σ  for fixed 〉〈∈ Hz ,0  acquires its maximum at 

the point :0=x      
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The function ( )zzz ,0σ  decreases with increasing z . The maximum             

of the stress function at the bottom (z=H) of the influence zone depth is  
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2

,0 a
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π
σ =                                              (28)                                                                                    

 
The influence zone depth is estimated by means of the quality  
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( ) ,,0 hHzz γσ =                                                                      (29)                                                                              

 
where γ  is the specific weight of soil and h  is the depth of the excavation. 

Comparing the last two identities we obtain 
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The above identities give the equation  
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Eliminating the influence zone finally yields 
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This closed formula can be effectively used in civil engineering practice. 
Now we give several comments on the derived identity. First, the influence 
zone is proportional to the strip load widtha2 . Secondly, the influence zone 
doesn’t depend on Young’s modulus, but there is a significant role             
for Poisson‘s ratio. Overloading of the excavation geostatic stress 
state hf z γ/  is the third parameter to be taken into account. All these 

statements are highlighted in the following Fig. 13.  
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Figure 13:  Progress of influence zone depth of the 1m wide strip 

 
Similarly, we can estimate the depth of influence zone in the case                 
of rectangular footings. Let us introduce the function  
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where  
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The function ( )βF  describes the maximum layer bottom vertical stress 

( )Hz ,0,0σ  by the unit uniform load acting in the rectangular 

region bxa 22 . The depth of the influence zone is described by the point 

where the vertical stress due to surcharge reaches the value hγ  .                

The maximum stress below the centre of rectangle in the depth H  can be 
then expressed in following form 
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            ( ) ( ) .,0,0 hFfH zz γβσ ==                                                     (33) 

 
As the value of preconsolidation hγ  and the level of surcharge 

zf  are 

known, the valueβ  is obtained as the inverse of the function ( )βF .       

The following formula describes this statement and the idea how                
to calculate the depth of the influence zone  
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Figure 14:  Courses of  ( )βF  function     

Functions ( )βF   for some quotients  ba / are presented in Fig. 14.  

 
 
6   FEM validation of derived formulas  
 

The aim here is to provide results obtained from finite element analysis 
and compare them with results obtained from the presented theory of elastic 
layer. The infinite strip load was selected for comparison.  
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The values of  ( )Hzz ,0σ  were compared. Let us first restate the derived 

formulas for ( )Hzz ,0σ in the case of infinite strip load. 

 

  ( ) .sinharctan
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,0 a
f

H z
zz α

π
σ =  

 
Where: H …depth of influence zone, 

  fz …value of the strip load,  
 ν … Poisson’s ratio, 
          a  … half of the strip width, 

                 α …    
ν
νπα

21
22

2 −
−=

H
. 

 
For the FEM analysis, the following assumptions were used. 

• 1 degree of freedom for nodes (z – direction) 
• Plain strain 
• Isotropic elastic material 
• Symmetry – only one half of the model 
• Software ADINA (Automatic Dynamic Incremental Non-linear 

Analysis) 
 

Let us note, the influences of the model width, mesh shape and type of the 
used finite elements (more details in [14]) were considered 
 
The tested example has following details: 

• Infinite strip load zf =100000kN/m2 for a=0,5m; zf =50000kN/m2 

for a=1,0m; etc. 
• Depth of influence zone H = 5m 
• E = 75 GPa 
• ν varies from 0,05 to 0,4 
• Model width B=30m (15m using symmetry) 
 

An unreal magnitude of load was used to reach sufficient digital output       
in the computer code. 
 
The scheme of the example can be seen on the following figure. 
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Figure 15:  Scheme of the tested example 

 
The following tables present analytical and numerical results for a = 0m – 
8m, i.e. from line load to a very wide strip. The presented results show very 
good agreement. The differences are smaller than 0,1% for this range          
of Poisson’s ratio (from 0.05 to 0.4). In all presented results, we keep         
the geotechnical convention in the stress values, i.e. positive stress value 
means pressure while the negative stress value is tension. 
 
Table 4: Numerical results 
 

1/2 uniform 
load width (m) 

0 0.5 1 2 4 8 

Poisson‘s ratio σzz (0,H) (kPa) 
0.05 14531.1 14412.0 14053.9 12853.8 9959.04 6044.0 
0.15 15585.0 15437.8 15000.4 13565.1 10269.9 6091.8 
0.25 17322.0 17118.7 16528.5 14661.8 10702.9 6147.7 
0.3 18709.0 18453.2 17720.4 15472.4 10988.6 6177.8 
0.35 20818.0 20464.7 19479.0 16596.9 11339.0 6207.5 
0.4 24495.8 23922.6 22388.4 18273.6 11767.9 6233.1 

 
Table 5: Analytical results 
 

1/2 uniform 
load width (m) 

0 0.5 1 2 4 8 

Poisson‘s ratio σzz (0,H) (kPa) 
0.05 14529.7 14405.1 14049.9 12851.1 9958.2 6043.6 
0.15 15583.9 15430.5 14996.2 13562.5 10269.1 6091.6 
0.25 17320.5 17110.7 16524.1 14659.3 10702.4 6147.6 
0.3 18708.3 18444.7 17715.8 15470.0 10988.2 6177.8 
0.35 20816.7 20455.3 19474.1 16594.7 11338.6 6207.5 
0.4 24494.9 23912.0 22383.3 18271.7 11767.7 6233.1 
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7   Conclusion   

Robust theory and the derivation of many formulas were listed              
in the presented contribution. Much of them were numerically validated, 
also several tests were carried out to verify the proposed theory. There was 
no discrepancy found. The presented formulas will be very useful for civil 
engineering practice. Input parameters are very easy estimated and also they 
are intelligible for civil engineers. Calculation is very fast and it gives 
relevant results. Analytical and semi-analytical solutions significantly save 
time for designers contrary to pure numerical methods. Technical 
knowledge based on the presented theory was implemented                         
in the computers codes, namely GEO 4, GEO 5, and FIN 10. In the details, 
we can list Beam, Piles, Plate, FIN 2D, FIN 3D. FINE company customers 
are not only large structural design companies representing the top in the 
world but also smaller firms taking advantage of their affordable software. 
Today they proudly serve more than 1300 satisfied users in more than 50 
countries   of the world including design and construction companies 
involved in many branches and also several technical universities (more 
information and details on www.finesoftware.eu). 
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