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Summary

This lecture presents a novel approach in the analytical design of IIR complementary
filter pair. The analytical solution in the z domain is presented for an IIR complementary
filter pair which exhibits optimum equiripple behaviour of the frequency response over
both bands. The solution gives a direct decomposition of the transfer function into two
all-passes and provides an easy access to the design formulae for lattice wave digital filters
refraining from the continuos-time counterparts. The multiplier coefficients are obtained
in a simple algebraic form comprising the zeros and real pole of the transfer function only.
The bireciprocal case represented by the transfer function with purely imaginary poles
is also included. Design examples and computer simulations of wave digital lattices are
presented.



Souhrn

Ptrednaska je zamérena na novy pristup pii analytickém navrhu IIR komplementarni dvo-
jice filtru. Analytické feSeni v z-roviné je prezentovano na IIR komplementdrni dvojici
filtru, které vykazuji optimalni stejnomérné zvlnéni kmitoctové charakteristiky filtru v
obou pésmech. Reseni vede na pifmou dekompozici prenosové funkce na dva fdzovaci
¢lanky a poskytuje snadny piistup k nalezeni névrhovych vztaht pro vlnové éislicové fil-
try na bazi analogového prototypu filtru ve tvaru krizového ¢lanku. Koeficienty nasobicek
jsou ziskdny v jednoduchém algebraickém tvaru z nul a redlnych pélu pienosové funkcee.
Je prezentovan i bireciproky typ filtru charakterizovany prenosovou funkei s ¢isté ima-
gindrnimi pély. Na zdvér jsou uvedeny piiklady ndvrhu vlnovych éfslicovych filtru ve
tvaru kiize a jejich simulace na pocitaci.



Klicova slova : vinovgislicovy filtr, kiizovy filtr, naavrh filtru, stejnogerre zvinény par

Key words : Wave Digital Filter, Lattice, Filter Bign, Equiripple Filter Pairs

Ceské vysoké dceni technické v Praze

Nazev : Analyticky navrh stejnaimé zvinénych 111 filtra
Autor : Doc. Ing. Boris Simék, CSc.

Patet stran : 22

Naklad : 150 vytisku

© Boris Simak, 2009
ISBN



Contents

1 Introduction

2 Solution of the equiriple approximation in the z-domain
3 Complementary filter pairs and all-pass decomposition

4 Lattice Wave Digital Filter Design Cook-book
4.1 Unconstrained standard design . . . . . . . . .. ..o

4.2 Constrained design . . . . . . . ...

5 Design Examples
5.1 Example 1 (unconstrained direct design) . . . . .. ... .. ... .. ...
5.2 Example 2 (constrained design) . . . . .. ... ..o

5.3 Example 3 (bireciprocal case) . . . . . ... ...

6 Curriculum Vitae

11

13
13
15

16
16
16
17

21



1. Introduction

The all-pass decomposition of a design transfer function plays a fundamental role in the
design of IIR complementary filters [1]. Each of the two parallel sections formed by an all-
pass can be implemented in a variety of ways, either by a simple cascade of first and second
order all-pass sections [6] or by using the Gray and Markel procedure [5] or, alternatively,
in the form of a wave digital lattice [4]. While the Gray and Markel structures are designed
starting from a discrete-time transfer function from which an all-pass function is built up
with the same denominator, the wave digital filters are usually obtained from analog
filters by bilinear transformation inheriting the low sensitivity property of the lossless
LC prototypes [2]. It is the purpose of this paper to extend the design method [10]
for a pair of equiripple IIR complementary filters suitable for the all-pass decomposition
and to develop an all-pass section synthesis without a recourse to the continuous-time
domain. The closed form solution of the equiripple IIR filter approximation is confined to
the symmetrical w-domain to which arbitrary nonsymmetrical filter specifications are to
be transformed. In contrast to the bilinear transformation method of an analog elliptic
filter[4] the direct z-domain, w-domain or, respectively, approximation to the minimax
requirements provides a wider family of transfer functions [2], [10] which can be realized as
a parallel connection of two all-pass sections. For example, the explicit minimax solution
is obtained through the constrained design of complementary pairs in the symmetrical
w-domain yielding the odd degree transfer function with the degree of the denominator
less than the degree of the numerator by one. In this design the low-pass and high-pass
magnitudes are controlled by the position of the passband edges. The symmetrical w-
domain specifications are accomplished after the following chain of low-pass to low-pass
transformations

_ . 1( +1) w—a
Z—W=—-(Z+=) — w=
2 z 1 —aw
— z=w+Vw?—-1
Z+0b
- 1
T T 11 W
where
1+, W, — /1 =W, - /1 —W,°
— 2
¢ Wy + Wy @)
1—+v1—a?
po o VT (3)
a

and for a given passband and stopband edges w,, ws; and sample frequency wy

_27T

(4)

w, = coswyT, Wy = coswyT, T .
wWo

A main part of this paper is devoted to the w-z domains where the actual design process
runs. In section 2 the design formulae for the equiripple approximation of IIR digital
filters and complementary filter pairs in the w-domain are reviewed. The results are
extended to the z-domain. In section 3 the all-pass decomposition is closely related to
the equiripple filter design itself and the distribution of the stable poles is obtained from
the factorization of the characteristic equation. In section 4 the design steps for lattice
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wave digital filters are summarized in the form of a cookbook. In section 5 several design
examples are presented and numerical simulations of wave lattices are performed.

2. Solution of the equiriple approximation in the z-domain

The design procedures for both a pair of complementary filters or a single filter with
equiripple frequency response were developed in [10],[11]. Here we concisely review these
formulae and often refer to the references mentioned. From the given filter specifica-
tions, e.g. the passband and stopband edges, w,, w,, the sampling frequency wy and the
corresponding attenuation levels a,, a; we form the discrimination factor

100-1ap — 7
ki =/ 1004as — 1 ° (5)

e = V1001w — 1 (6)

and using (2), (4) the selectivity factor

the passband ripple

Wps —
:tk,_ p,s

1 —a-w,,

(7)

which are central parameters of the approximation procedure (cf. Fig. 1). The low-pass
magnitude is designed in the symemtrical w-domain using the characteristic equation

1

H(2)H(:") = Q(w) = Ty er(w)

(8)
In the following the moduli of the elliptic functions &, and k' fulfil k2 + k/*> = 1 and
k2 + k> = 1. The equiripple solution is described by a pair of Jacobian elliptic functions
in parametric form. The rational form of the characteristic function F?(w) is obtained by
introducing the frecuency mapping w = dn(u | k) for the integer solution n of the degree
equation (11)

K(K K (K,

K(k)  K(k)
where K denotes the complete elliptic integral. The odd degree solution n = 2m +1 leads
to

1 1—w {yrw—wg,1?
F2(w) = — - : [ “} 10
(w) kl 1+w }_II'LU"—U)O# ( )

with wg, = dn(22K(k) | k) for g = 1,2,...,m, while for the even degree solution n = 2m
we get

F(w) = kil . ﬁ[wr (11)

with wo, = dn(22K(k) | k) for g = 1,2,...,m. The poles of the transfer function are
found from (8) which provides the following equation in parametric form

K(k1)
2 72 _ 2. 2 _
1+ e F*(w) w:dn(u|k)_1+€ sn <nK(k>u|k;1>—O . (12)
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Figure 1: Equiripple approximation in the w-domain.

Both the odd and the even degree poles are formally identical except of the real pole which
in the even degree solution plays the role of an auxiliary parameter. Let w, = a, & j3,,

then
K(k)

k’2 - 'wou

1
F(arctan— | ky) (13)
€

ap = dc(ve | k), V00 =

= 14
W= 2 +(1— wgu)(oz% - 1) (14)
\/1 — wgu\/wgu — k:’Q\/ozg — 1\/w(2) — k?
Bu = (15)

P+ (1-ud,) (03— 1)

Corresponding z-domain formulae are expressed using basic interrelations among Jacobian
elliptic functions [1]. This approach avoids finding the square roots of complex numbers
and enables us to recognize those poles which are within the unit circle in the z-domain.
It is then preferable to transform first from the symmetrical w-domain to the symmetrical
z-domain before the results are transformed back to the original w and Z domains. The
w- and z-domains are connected by

z=w+ vVw? —1=dn(u| k) +jk-sn(ul| k) (16)



which gives the zeros of the characteristic function as

o= ALK ) | )+ k- sn (LK () | ) (17)
forn=2m+ 1L,u=1,...,m and similarly
o = ALK () ) 5 k- (K () | B) (18)
for n =2m,pu=1,...,m. The properties of the elliptic functions give intrinsically
Zop * 2oy = dn*(z | k) + K*sn(z | k) =1 (19)

where x stands for (2u/n)K(k), [(2u — 1)/n]K(k) respectively. The poles of the transfer
function are deduced from (16) as

2z, = dn(tjve +x | k) +]k sn(£jve + 2 | k) (20)
dn(ve | k') £ ken(z | k)sn(ve | £)
cn?(veo | k') + k2sn?(z | k)sn?(ve | K/)

= [an(e [ Kyen(vs | )+ & sn( | H]

Let z, = a,=%jb,, then

Rz, = b VOO w”“ 1)

k? + (]‘ - wO,u)(OéO

kao + — 14 /wOM — k;’2
L= S( /1 — ‘o 22
5 Z# wOu 1 . wo,)(% . 1 ( )

The poles within the unit circle are those with the minus sign in (21), (22). Since the
identities

a, =

K2l + (1 — ud)(od — k%) = K+ (1 — wd)(0d — 1) = k% — (ad — 1)(wl, — K*) (23)
hold we finally obtain
k - Wou 1_w8uVa3_k,2
kag + /ag — 1y /wg, — kao—i—\/a%—l@/wgu—kﬂ

and the relation
kag — /af — 1y /wg, —
= (25)
kag + /a3 h/wON—k’2

which ensures the stability. The re-transformation back to the original Z-domain preserves
stability if from (2) , (3) | @ |< 1 holds. The real pole is transformed into the z-domain

by
ag =0y —y/ad—1 . (26)

(24)

Ap =

2 | 2
au+bu



Though these results are generally valid, in the following, we refrain from the even degree
solutions since the odd degree transfer functions only permit an all-pass decomposition
with real coefficientes and therefore they are used in the design of lattice wave digital
filters. The constrained design of an equiripple complementary pair is accomplished if we,
before evaluating the poles from (12), impose

izl—aﬁ[l—awoﬂr (27)
1{31 ].+CLH:1 1+CLU)0“

as an additional constraint upon the design parameters € and k;. In view if the inverted
degree equation (9), (10)

N ALY N 2
kp:i+211m_ﬁmﬂ (28)

p=1 Wop
it turns out that in the complementary filter design the frequency and the amplitude
specifications are not by any means independent. From k; and €? connected by (27) and
(28) with the frecuency specifications, the available attenuations in the passband and the
stopband are obtained as

2
a, = 10log(1 +¢€*) ,  as = 10log(1 + %) . (29)
1
In the symmetrical w-domain the complementary constraint (27) forces the real pole ag

to be negative reciprocal to a, e.g.
1

ap=—— . (30)
The re-transforming back to the original nonsymmetrical w-domain the real pole @y is
shifted to infinity (while in the Z-domain the real pole @g is moved to the origin) leaving
the order of the denominator of the transfer function decreased by one. presented. The
so-called bireciprocal case is obtained from the previous results reducing them to the
halfband limit, e.g.

w,=-—ws =k . (31)
Consequently, we get from (1), (27), (29) a set of elementary conditions
a=0, €=k, 107%% +107%% =1 (32)
which finally lead to the low-pass magnitude
i (w + woM)Z 1
Qw =0 a+u [[ @ (33)

and to the low-pass transfer function

m

14 271 H 14 2wezt 4+ 272

H(z)= H
=) 2 140222

(34)

and f3,, b, are the limits (a = 0, ap — 00) of the formulae from Table I

wh, — K S (35)

a, =0,

Op M_lﬁ—\/ 2
wou_
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3. Complementary filter pairs and all-pass decomposition

Consider the low-pass transfer function of an odd order equiripple IIR filter

1421 £ 24 wpz 41
H “
(2) = 1 — aoz—l a2 +02)272 = 2a,27t +1 (36)
which is to be decomposed as
1
H(z) = 5[Ai(2) + Aa(2)] - (37)

The stable poles (24) are assumed to be contained in (36) and (37). Let A;(2) and As(2)

be yet unknown all-pass transfer functions described as

Z—(erl)a1 (Z—l) )
a1(2) ax(2)

In this section we show how the all-pass functions are determined from a designed low-

pass transfer function and from the distribution of its poles. Since H (z) has zeros on the
unit circle only and

Ai(z) = (38)

- 1 o - 1 A (Z) + AQ(Z)
H(z ! “lA 1 A Y
) =3[AE + AT = 550 (39)
we readily get
H(z) 1 l—apz 1 (a240b%)—2a,2+1
A1 (2)Ay(z) = = : BrIve : 4
1(2)42(2) H(z=1)  22m+l 1 —qpz7! };[1 (a2 +b2)z72 = 2a,27t + 1 (40)

Equation (40) confirms that the poles of the product of the all-pass transfer functions are
identical with the poles of the transfer function. The low-pass magnitude

1

Qw)=H()H(z1) = 3 + i [Al(z)AQ(zfl) + Al(z’I)Ag(z)] (41)

can be written in the alternative form

1+1 1—-EF%(w) 1+ R(w)
2 2 1+eF2(w) 2

Qw) = (42)

which defines the reactance-like function

(Cas Froad e )
for )
w==(z+-) . (44)

et RV e I S = L I

—1e+d) 14 jeF(w)lw=Lt(41)
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In order to satisfy equation (45) the distribution of the poles a,+j b, between A;(z) and
Ay(z) is derived from the factorized characteristic equation (12)

[1 + je- sn(nIIi((k]:))u | k;)} [1 — je- sn(nIf{((]Z))u | k)| =0 . (46)

The solutions of (12) are decoupled into the following sets. The first factor of (46) provides
the equation

K(k
1+ je-sn(n K((k‘l))u | k) =0 (47)
which contains the stable poles belonging to A;(z) (cf. (45))
4
i = dn (joso + K (k) | k) (48)
n
while the other zeros of (47)
4 1
K (jus + = K@) | )
for v = 0,1,...,[m/2] produce poles which fall outside the unit circle. Similarly, the
second factor provides the equation
K(k
1—je- sn(n K((kl)>u | k1> =0 (49)

which belongs to the all-pass Ay(z) (cf. (45)). Hence, we get the stable poles

. dv + 2
Wozvsr = dn <Jvoo TR | k) (50)
while 43
Kdn (jvoo + 20K (k) | k)
for v = 0,1,...,[m/2] are those solutions occuring outside the unit circle. Considering

only the first interval of periodicity [0,2K(k)] of the elliptic function dn(u| k), the fac-
torized characteristic equation (46) provides stable poles which can be denoted as even
(u = 2v) and odd (p = 2v + 1) poles, respectively. Comparing with (13),(14) and (15)
we obtain the same set of poles

. £if, = dn< + s + %“K(k) | k:) (51)

(u=0,1,...,m) for which the addition theorem [1] of the function dn(z + y | k) should
be used. It consequently means that the poles of the all-pass functions A;(z) and Ay(z)
alternate, e.g.

_ [m/2]  _ _
A(z) = 2 L —q I 272 = 2a9,27 " + (a3, + b3,) (52)
! 1 —apz=t 12 (a3, +03,)272 — 2a9,27" + 1
[m/2]

—2 —1 2 2

277 = 2a9,1127 " + (a3,41 + 03,44)
2 2 -2 -1

(a3,11 +05,,1)272 —2a9,4127 1 + 1

v=1
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The bireciprocal case formulae are easily deduced letting ag = as, = ag,.1 = 0. The
function R(w) alone determines the low-pass and high-pass magnitudes since from (41)
we have

Quu(w) = % 4 % [A41(2) A7) + A=) As(2)] = MTR(“’) | (54)

The function R(w) has several important properties :

e The poles are identical to those of the transfer function.

e The real zero determines the 3dB cross-section point

1
Wip = (55)
k/dC(UdB ’ k’)
h
whnere - K(k) i( ' /1—62 |kl> (56)
Vg — nK(kl) arcsin k’l 1 .

e For the bireciprocal case, it has alternating purely imaginary poles and zeros and,
therefore, in the w-domain it resembles the reactance function

m an(Q’jL—‘lK(k) | k) m w2+cs2(2ﬂ—;K(k) | k)
R“‘”‘E sn? (2K (k) | k) U w?+ st (2K (k) | k) o

4. Lattice Wave Digital Filter Design Cook-book

The equations given in the text can be used for the straightforward approach to a two-fold
set of the equiripple complementary filter pairs. Correspondingly, the cookbook is divided
into two sections. The first section deals with the standard equiripple approximation
(unconstrained) to a complementary pair. The second section contains design formulae for
the constrained approximation to a complementary pair. The former case was thoroughly
studied and reported by L. Gazsi [4] while the latter was developed recently [10] yet not
applied to the lattice wave filter design. These two design procedures overlay each other

and they are separated for the sake of cookbook to make the reading comprehensible
(Fig. 2).

4.1. Unconstrained standard design

1. Given the passband limit w,, the stopband limit w, and the sampling frequency wy,
we find @, W, according to (4) and we get the constants a, b using (2),(3). Given
the maximum attenuation in the passband a, and the minimum attenuation in the
stopband ag, the discrimination factor k; from (5) and the passband ripple € from
(6) are obtained.

2. If a # 0 then the low-pass to low-pass transformation w — w is done and k&’ from
(7) determined.

13



wp = cos WpT wy = cos T E =wp, = —w,
B4k =1
100-1ap 1
b=\ qgore =y €= VIO -1 K+ k2=
1 K(k1) K(k)
n> =
T 2K(k) K(K)
o ———
n=2m+1 & n=2m

zeros of characteristic function

2
woy, = dn —#K(k)\k , w=1,....m
n

zeros of characteristic function

wou = dn (2“n—_11<(k)\k) :

p=1....m

l

new specifications
;. m
1—k kK — Wop

1+k,H{’

k' + Wop
€2

ki =

r
=10log(1 + k2)

l

new specifications

ﬁ {1 — wgur
i 1+w0#
2

as = 10log(1 + )
ky

ki =

auxiliary parameters

K(k) /

ap = de(vso k')

Voo =

1
tanf = —
€

|

poles of transfer function a,, %+ jb,
a2 —1
k‘wo‘u

kag + v/ag — 14 /wd, — k2

WJ1—= w%uy/a% — k'
koo + /o — 1w, — k'

|

a = g —

a, =

transfer function

14271
1—agz 1

24 211}0#2 +1
)272 —2a,z71 +1

H (l2+b2

l

poles of transfer function o, £ j3,

k}’wo#
a, =
kag +v/a? — 1, /wgu — k'?
V1= wd,\ad - k?
ﬂu =

koo + /o — 11/w(2m — Kk

|

transfer function
i 272+ 2wouzt + 1
H(z) = H n
(2) 0 “1;[1 (aﬁ + bﬁ)z*2 —2a,z71+1
norm
1 m

HZ = = H a2 + b,

— 1 »=1

k1 +

Figure 2: Summary of the design steps in the z-domain.

14



3. Using (9) the odd integer n = 2m + 1 is estimated.

4. The zeros of the characteristic function wg, from (10) are computed and the new
discrimination factor ky is recomputed from (28).

5. The poles of the transfer magnitude g, o, 3, are evaluated from (13), (14) and
(15).

6. The poles of the transfer function ay,a,,a, are computed from (26), (24) and the
all-pass sections (52), (53) are formed.

7. If a = 0 then the multiplier coefficientes read

Yo = Qg = Qg — 04(2)—7 (58)

koo — v/ad — 14/, — k”
— 2 2y
72M_1 - _<ap, + bp,) - (59)
koo + /o —1y/ad, — k7
2 Wou

au
= = 60
1+ ai + b}% o (60)

oM

8. If a # 0 then the multiplier coefficients are expresed in the original z-domain as

-2 2a
Yo =0, Tour = —@+b), Tou= ——F— (61)
0 2p—1 o o 21 1 —|—ai N bi
where b
_ Qo
= 62
o 1+b(10 ( )
and GM,E# are
b+a,(1+0%)+b(a® +b? _ 1— b2

T At ba A2 F(T+ba,)? + 0202
4.2. Constrained design

The design starts with the steps one to four of the former procedure. Then we perform

1. The constraint (27) is imposed giving the available passband ripple ¢ and conse-
quently the new atttenuation levels a,, as from (29).

2. The poles of the transfer magnitude oy, o, v, are evaluted from (30), (14) and (15),
respectively.

3. The poles of the transfer function ay = —b, a,, b, are computed from a,, b,,.
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4. The condition a = 0 leads to the bireciprocal case with the multiplier coefficients

1 —wg,
2
[+ \fud, — k2

5. If a # 0 the re-transformation back to the original Z-domain occurs for @y = 0, @, b,
and the corresponding nonzero multiplier coefficientes are given by (61).

% =0, vu-1=0, 79— bi = - (64)

5. Design Examples

The design formulae are demonstrated by some particular examples. We use the same
adaptors as used by L. Gaszi [4] for the all-pass sections (Section 4). Corresponding signal
flow charts are depicted in Fig. 3. The all-pass structure of the wave digital filter with an
odd degree equiripple transfer function is shown in Fig. 4. Figure 5 contains the all-pass
decomposition for the bireciprocal case of the allied specifications.

5.1. Example 1 (unconstrained direct design)

We wish to design the all-pass structure of the equiriple wave digital filter specified by
a, = 0.447dB, as = 24dB, w, = —0.44 and w; = —0.5.

The integer solution of (9) n = 5 provides a, = 0.447[dB] and as, = 24.49[dB]. The
multiplier coefficients 7 and « are

v = —0.000116, « = -0.000116,
v = —0.595288, «a; = 0.404712,
v = —0.350361, a; = -0.350361,
v = —0.937179, a; = 0.062821,
vy = —0.449656, a; = —0.449656.

The magnitude responses of the designed wave digital filter is depicted in Fig. 6. The
filter all-pass structure is shown in Fig. 7.

5.2. Example 2 (constrained design)

Design the equiriple wave digital filter and its all decomposition specified by a,, = 0.447[dB],
as = 24[dB], w, = —0.44 and Wy = —0.5 with the constraint ap = —1/a.

We again obtain n = 5 and a, = 0.447[dB] and as = 24.49[dB]. The multiplier coefhi-
cients 7 and « are

Y = 0.000000,

v = —0.595314, a3 = 0.404686,
Y% = —0.350312, o4 = -—0.350312,
Y = —0.937185, a5 = 0.062815,
Yo = —0.449647, o = —0.449647.
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1>y>1/2
a=1-vy

1/2>y>0
a=7y

1 0—— ——0 2

1' 00— ——02'

-1/2<y<0
a=y

~-1<y<-1/2
a=1+7y

P 020

1'o {tr

Figure 3: Signal flow diagram of the two-port adaptor.

5.3. Example 3 (bireciprocal case)

The required bireciprocal filter is specified by the two parameters a, = 0.017324[dB] and
w, = 0.44 only. The constraint (27) yields for n = 5 the available attenuation levels
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Figure 4: Block diagram of the lattice wave digital filter with cascaded all-pass sections, odd n.
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Figure 5: Block diagram of the bireciprocal lattice wave digital filter with cascaded all-pass
sections for odd n.

a, = 0.0001846[dB], a; = 43.72[dB]. The corresponding all-pass structure is drawn in
Fig. 8 for the following set of coefficientes v and 3

Y% = 0.000000

v = —0.191227 o, = -—0.191227
v2 = 0.000000
v3 = —0.661072 o; = 0.338927
v4 = 0.000000 .
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Figure 7: Signal flow of the low-pass filter.
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Figure 8: Signal flow diagram of the low-pass filter for bireciprocal case.
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