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Summary

At present finite element method is very well established technique to solve various practical
problems. Application of the finite element method (FEM) in engeneering has made a rapid
progress, and it is widely used in industry as well as in research centers today.

Whereas the application of the FEM in the structural mechanics seems to be now clear
enough for solving common tasks, and only special problems remain to be resolved, in fluid
dynamics there are still many open and not well handled problems. One of them is reliable
modelling of flows in channels or tubes with abrupt changes of the diameter, which appear
often in engineering practice. The goal of this work is to construct the FEM solution in the
vicinity of these corners as precise as desired.

We present two ways for getting desired precision of the FEM solution in the vicinity of
corners. Both make use of qualitative properties of the mathematical model of flow. As a
mathematical model we accept the Navier-Stokes equations for incompressible fluids.

The first approach makes use of a posteriori error estimates of the FEM solution which are
carefully derived to trace the quality of the solution. Especially the constant in the a posteriori
estimate is investigated with care. Then we use the adaptive strategy to improve the mesh and
thus to improve the FEM solution. We present some numerical results.

The second approach stands on two legs. One is the asymptotic behaviour of the exact
solution of the NSE in the vicinity of the corner. This is obtained using some symmetry of the
principal part of the Stokes equation, and application of the Fourier transform. Second leg is
the a priori error estimate of the FEM solution where we estimate the seminorm of the exact
solution by means of the above obtained asymptotics. These ideas allow to derive an algorithm
for designing the FEM mesh in advance (a priori). On the mesh we then obtain the solution
with desired precision also in the vicinity of the corner though there is a singularity here. This
approach offers quite cheap and precise computing of selected problems. Numerical results are
demonstrated on two examples.

Finally we discuss main achievements and topics for further research.



Souhrn

V souc¢asné dobé metoda konecnych prvku predstavuje velmi dobfe propracovanou metodiku
pro feSeni nejruznéjsich praktickych iloh. Uziti metody kone¢énych prvkia (MKP) v inzenyrské
praxi prodélalo v poslednich 35 letech vyznamny pokrok, a v soucasné dobé je metoda Siroce
vyuzivana v prumyslu i v fadé netechnickych obort.

Zatimco v ulohach pevné faze se aplikace MKP zdéa byt dostatecné propracovana, a zbyva
doresit jen nékteré specialni problémy, v dynamice tekutin je stdle fada otevienych problému jak
v numerické teorii tak v aplikacich. Jednim z nich je spolehlivé modelovani proudéni tekutin
v kandlech a trubicich s nahlou zménou prumeéru, coz je casté jak v technickych aplikacich
tak napt v modelovani proudéni krve v cévnich nahradach. Cilem této prace je konstruovat
koneénéprvkové teseni v blizkosti takovych rohu tak presné jak je vyzadovano.

Uvadime dva zpusoby pro ziskani pozadované presnosti feseni MKP v blizkosti rohu. Oba
vyuzivaji kvalitativni vlastnosti matematického modelu proudéni. Jako matematicky model
prijimame Navierovy-Stokesovy rovnice pro nestlacitelnou tekutinu.

Prvni zpusob vyuziva aposteriorni odhady MKP teseni. Ty jsou peclivé odvozeny za ticelem
vystopovat kvalitu feSeni. Specielné konstanta v aposteriornim odhadu je peclivé zkoumana.
Je pak pouzita adaptivni strategie ke zlepseni sité a tim ke zlepSeni presnosti FEM feseni.
Uvadime nékteré numerické vysledky.

Druhy pristup stoji na dvou sloupech. Jednim je asymptotické chovani exaktniho feseni Na-
vierovych-Stokesovych rovnic v blizkosti rohu. To se ziska uzitim jisté symetrie vadéi ¢asti Sto-
kesovych rovnic, a aplikaci Fourierovy transformace k prevedeni na jednodimensionalni problém.
Druhym sloupem je apriorni odhad MKP feseni, kde odhadujeme seminormu exaktniho reseni
pomoci zminéného asymptotického odhadu. Tento pfistup umoznuje odvodit algoritmus pro
navrzeni MKP sité pred vlastnim vypoctem. Na takové siti pak obdrzime feSeni s predepsanou
presnosti v okoli rohu, kde exaktni feSeni mé singularitu. Tento piistup umozinuje velice levné
ziskat dostatecné precisni feseni. Na dvou aplikacich ukazujeme numerické vysledky.

V zavéru jsou diskutovany hlavni dosazené vysledky a ndméty pro dalsi vyzkum.
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1 Introduction

At present finite element method is very well established technique to solve various practical
problems. Application of the finite element method (FEM) in engeneering has made a rapid
progress, and it is widely used in industry as well as in research centers today.

Whereas the application of the FEM in the structural mechanics seems to be now clear
enough for solving common tasks, and only special problems remain to be resolved, in fluid
dynamics there are still many open and not well handled problems. One of them is reliable
modelling of flows in channels or tubes with abrupt changes of the diameter, which appear
often in engineering practice. The goal of this work is to construct the FEM solution in the
vicinity of these corners as precise as desired.

We present two ways for getting desired precision of the FEM solution in the vicinity of
corners. Both make use of qualitative properties of the mathematical model of flow. As a
mathematical model we accept the Navier-Stokes equations (NSE) for incompressible fluids.

The first approach makes use of a posteriori error estimates of the FEM solution which is
carefully derived to trace the quality of the solution. Especially the constant in the a posteriori
estimate is investigated with care. Then we use the adaptive strategy to improve the mesh and
thus to improve the FEM solution.

The second approach stands on two legs. One is the asymptotic behaviour of the exact
solution of the NSE in the vicinity of the corner. This is obtained using some symmetry of the
principal part of the Stokes equation, and application of the Fourier transform. Second leg is
the a priori error estimate of the FEM solution where we estimate the seminorm of the exact
solution by means of the above obtained asymptotics. These ideas allow to derive an algorithm
for designing the FEM mesh in advance (a priori). On the mesh we then obtain the solution
with desired precision also in the vicinity of the corner though there is a singularity here.

The structure of the work is as follows. Navier-Stokes equations as a model of flow of an
incompressible viscous fluid are introduced in Chapter 2. In Chapter 3, FEM formulation of
the Navier-Stokes problem is described. Capter 4 is devoted to the asymptotic behaviour of the
exact solution of the Stokes and Navier-Stokes equations in the neighborhood of corners.

Chapter 5 deals with the a posteriori error estimates, with the determination of the constant
C in it, and we present some numerical results. Chapter 6 is devoted more to the aspect
of accuracy of the FEM applied to flow in channels with sharp nonconvex inner corners. It
deals with the application of a priori error estimates of the FEM to mesh generation. This
approach offers quite cheap and precise computing of selected problems. Numerical results are
demonstrated on two examples. In Chapter 7 we discuss main achievements and topics for
further research.



2 Navier-Stokes equations for incompressible viscous fluids

Let © be an open bounded domain in R? filled with a fluid, and let I" be its Lipschitz continuous
boundary. The generic point of R? is denoted by x = (21, 22)7 considered in meters, and ¢
denotes time variable considered in seconds.

2.1 Unsteady two-dimensional flow

We deal with isothermal flow of Newtonian viscous fluids with constant density. Such flow is
modelled by the Navier-Stokes system of partial differential equations (nonconservative form):

p(%—I;qL(u-V)u)—,uAu—kVpr = pf inQx[0,T] (2.1)

e u = (up,uz)” denotes the vector of flow velocity, in m/s, being a function of x and ¢

p, denotes the pressure considered in Pa, which is a function of x and ¢

p denotes the density of the fluid considered in kg/m?

1 denotes the dynamic viscosity of the fluid, in Pa - s, supposed to be constant

f = f(x,t) is the density of volume forces per mass unit considered in N/m?

Dividing both sides of the momentum equation (2.1) by p and leaving the continuity equation
(2.2) unchanged we obtain

a—u—l—(u-V)u—yAu—l—Vp = f inQx]0,7] (2.3)

ot
where Vou = 0 inQ2x[0,7] (2.4)
e p= % denotes the pressure divided by the density considered in Pa - m3/kg

o V= % denotes the kinematic viscosity of the fluid considered in m?/s

The system is supplied with the initial condition

u=uy in, t=0 (2.5)

where V - uy = 0, and with the boundary conditions
u = g onlyx[0,7] (2.6)
—v(Vu)n+pn = 0 only x[0,7] (2.7)

where
o 'y and I'}, are two subsets of I' satisfying T = fg U Ty, pri(TyNTy) =0

e n denotes the unit outer normal vector to the boundary I'.

Introduced g is a given function of x and ¢ satisfying in the case of I' =T for all ¢t € [0, T

/g~ndF:O
r

2.2 Steady 2D Navier-Stokes problem

For the case of steady two-dimensional flow, the Navier-Stokes equations are reduced to

(u-Vju—vAu+Vp = f inQ (2.8)

and boundary conditions to Vou = 0 in© (2.9)
u = g onl, (2.10)

—v(Vujn+pn = 0 on [} (2.11)



2.3 Steady 2D Stokes problem

In case of the Stokes flow the first (nonlinear) term in (4.6) is omitted:

—vAu+Vp = f inQ (2.12)

V-u = 0 inQ (2.13)
and boundary conditions are the same as in (2.10), (2.11).

2.4 Unsteady axisymmetric flow

Let us now consider the system of Navier-Stokes equations for incompressible viscous fluid in
three dimensions, cf. [20]. Performing transformation of the cartesian system of coordinates
{1, 29,23} into the cylindrical system of coordinates {r, ¢, z} where

X1 =TCOSQ; To =Tsiny; Ty =2,

and considering axialy symmetric flow, i.e. variables are independent of ¢, we obtain Navier-
Stokes equations in the form (cf. e.g. [8])

ou ou ou Pu  10u dp
I A — £ mQx[0,T] (2.14
ot U8T+uaz (87"2 ror (922>+ o i@ [0.T] (2.14)
v v ov Pv 1ov v op
—+tv—tu——v|l—S+-——— = f, inQ T (21
ot +U(97’ "9z (87"2 N ror 822) o frin Q@ (0.7 (2.15)
—+E a—“ — 0 mOx[0,7] (2.16)
or r z
where
e u = u(x,t) is the axial component of velocity (direction of z-coordinate), in m/s
e v = v(x,t) is the radial component of velocity (direction of r-coordinate), in m/s
o f="F(x,t)=(f., f-) is the density of volume forces per mass unit, in N/m?

Equations (2.14)-(2.16) govern the axisymmetric flow in a domain  C R?, where the generic
point of R? is now denoted by x = (z,r)” for arbitrary ¢.

2.5 Variational formulation of Navier-Stokes equations

Let Ly(€2) be the space of square integrable functions on 2, and let Ly(€2)/R be the space of
functions in Ly () ignoring an additive constant. Let H'(€) and H{(£2) be the Sobolev spaces
defined as

ov
1 _ 2
HY(Q) = {v|v€L @, 5,

H;(Q) = {v lve H'(Q), Trv = 0}

€ L*(Q),i = 1,2}

where Tr is the trace operator Tr: H'(Q2) — Ly(T'), and derivatives are considered in the
weak sense.
The inner product and norm in the space Ly(Q2) are defined as

(1, ) Ly (0) E/qu dQ) ||v||%2(m E/QUQdQ

and the norm of function v in the Sobolev space H'(Q) is considered as



ol = | ( *i (a) )

Sometimes, the notation || - ||z, is shortened to || - ||o and || - ||g1(q) to || - ||1. Similarly, the

notation (u,v)r,q) is shortened to (u,v)o.
Let us define vector function spaces V; and V' by

vV, = {V:(vl,v2)T|VE[Hl(Q)F;Trvi:gi,i:l,Z}

Vo= {v=tnw’veHOF}

Let us note, that the norm of vector function v in the spaces V, and V' is then

I s e = Z/ ( *Z () )

and the norm of vector function v in the space [Lo(€2)]? is

2
Mep =Y / V240
=1

The weak unsteady Navier-Stokes problem means seeking of u(t) = (uy(t), ua(t))" € V, and

p(t) € Ly(Q)/R satisfying for any t € [0, 7], and V v € V and V v € L*(Q):
ou
0 Ot
/ YV-udQ) = 0
Q
u—-u, € V.
The operation Vu : Vv is defined as

Oou, 0V, n Ouy, Ov, — Ouy % n % %

Vu:Vv = Or Ox Jy Oy Or Ox oy Oy

Similarly, the weak steady Navier-Stokes problem reads:
Seek u = (ug,u)” € V, and p € Ly(Q)/R satisfying Vv € V and V ¢ € L*(Q):

/(u-V)u-de+l//Vu:VVdQ—/pV-VdQ = /f-de
Q Q Q Q

/¢V~udQ = 0
Q

u—-u € V.

In case of the weak steady Stokes problem instead of (2.20) we require

V/Vu:VVdQ—/pV-VdQ = /f-VdQ
Q Q Q

VdQ+/(u Vu- VdQ—i—V/Vu VvdQ — /pV'VdQ = /f~de
0 0

(2.20)

(2.21)
(2.22)

(2.23)



3 Finite element method for Navier-Stokes equations

Let us divide the domain €2 (supposed now polygonal) into N elements Tk of a triangulation

T such that
N
UTx = @
K=1
HUR2 (TKQTL) == O,f(;l'é L

Let hx mean the largest distance in element Tk.

3.1 Function spaces for velocity and pressure approximation

To solve the Navier-Stokes equations, different polynomial approximation for velocities and
for pressure are usually chosen. Equal order approximation is easy to implement, but pressure
exhibits instability. Approximation with different order is more suitable for practical computing,
cf. [4].

I[. Babuska and F. Brezzi introduced a condition (also called inf-sup condition) limitting
the choice of combinations of approximation

E]CVB>0,COTLSIS. vthQh EIVhGVgh (qh7v ' Vh)() Z CBthHOthHl (31)

where @5, and Vi, are the function spaces for approximation of pressure and velocity. Condition
(3.1) is important for stability. It is satisfied e.g. for Taylor-Hood elements we use.

3.2 Hood-Taylor finite elements

In this paper we apply Hood-Taylor finite elements on triangles and quadrilaterals. Values of
velocity are aproximated in corner nodes and in midsides, and values of pressure in corner nodes
(Figure 3.1). It corresponds to the following function spaces on element T:

e triangle
v; € Py(Tk), i=1,2, ie. polynomial of the second order

p € P (Tk) i.e. linear polynomial

e quadrilateral

v; € Q2(Tk), i=1,2, i.e. polynomial of the second order for each coordinate

p € Q1(Tx) ie. bilinear polynomial
Let us employ the notation

_ { P, (Tx), if Tk is a triangle (3.2)

B (Tk) = Qm(Tk), if Tk is a quadrilateral

and let C(Q) denote the space of continuous functions on Q.
Application of Hood-Taylor finite elements leads to the final approximation on the domain
Q) satisfying uy, € Vy;, and p,, € @), where

V;Jh - {Vh = (Uhnvfm)T € [C(ﬁ)]Qv Uh, ’TKG RQ(ﬁ% K=1,...,N,1=12, (33)
vy, = g in nodes on F}

Qn = {wh € C(Q); ¢n lnee Ri(Tk), K = 1,...,N} (3.4)

10



Fig. 3.1: Hood-Taylor reference elements

We also need the space

Vh = {Vh = (Uhl,vhz)T € [C(ﬁ)]Q, Uhi TKE Rz(ﬁ), K = 1,...,N, 7 = 1,2, (35)

v, = 0 in nodes on I

Since these function spaces satisfy Vp, C Vg, Vi, € V, and Q) C Lo(2)/R for prescribed
arbitrary value of pressure (e.g. p, = 0) in one node, we can introduce approzimate steady
Navier-Stokes problem:

Seek uy, € Vg, and pp, € Q) satisfying
/(uh : V)uh : Vth + V/ Vuh : VVth - / phV : Vth = / f. Vth, VV}L c Vh (36)
Q Q Q Q
/@/th ~updQ) = 0, VY, € Qn (3.7)
Q

u, —ug, €V, (3.8)

where ug, € Vj, is the projection of u, onto the space V.

Similarly we define approximate steady Stokes problem, just omitting the first term in (3.6).
Using the shape regular triangulation and refining the mesh such that h,,,, — 0 where

hmax = Inax hKv
K

the solution of the approximated problem converges to the solution of the continuous problem
(for more see e.g. [4]).

11



4 Asymptotic behaviour of the solution near corners

We are concerned with numerical solution of flow of incompressible fluid in tubes with abrupt
changes of diameter. We study the axisymmetric flow governed by the Navier-Stokes equations.
First concern is the asymptotic behaviour of the solution near the corners. Fundamental part
of this chapter is based on the paper [5].

In next chapters we deal with the numerical solution of the flow in a tube with sharp changes
of diameter. In plane flow, the finite element method has been succesfully used e.g. in [27]. The
singularity at the corner needs appropriate local refinement of the mesh.

To solve axisymmetric flow we used also the MAC method for space discretization. Nume-
rical results for pulsatile axisymmetric flow were published in [8], [9], [10].

In Chapter 6 our aim is to make use of the information on the local behaviour of the solution
near the corner point, in order to design local meshing subordinate to the asymptotics.

4.1 Solution of Navier-Stokes equations in the axisymmetric case

The asymptotic behaviour of plane flow with corner singularities has been studied e.g. by
Kondratiev [22], Ladevéze, Peyret [26], Kufner, Séndig [25]. The asymptotics of the biharmonic
equation for the stream function ¢ are basic.

In this chapter we investigate the pipe flow (axisymmetric). We utilize the stream function
- vorticity formulation of Navier-Stokes equations, which in cylindrical geometry reads

8_w + a_w + a_w + f — (92_(,«) aZ_w la_w_ﬂ (4 1)
ot w 0z 2 or uQr v 0z2  or2 ror 12 )’ '
%y 0% 10y B
a2 "o rar T 42)
1oy 1oy
Uy = ;E, Uy = —;E 3 (43)

where 7, 2z are cylindrical coordinates, uy = V,,us = V, are in turn axial and radial velocity
components, w is the vorticity, ¥ is the stream function, and v is the viscosity. We assume that
all derivatives exist here at least in the generalized sense.

First we study the steady flow. Putting w, uy, ug from (4.2) — (4.3) into (4.1) we get

1%2(_1@ _ 1% i@_w) _ 10_@(_1@ _ 1% i@_w)
rordz\ roz2 ror:2 r20r rozOor\ rodzz2 ror2 r2or
_ ia_lﬁ(_laib 1 ia_w)
r2 0z rozz ror: 2
0%/ 10% 10% 10y 0%/ 105 10% 1
e RN

02\ ro2 ror? o2\ roz2 rorz ' r

rozz ror:  r2or r 022 ror? +
10 10%) 10%) 10y 10%) 10% 1 oy
LY 1ovy 10 |

ror\ ro2 rar o

r3022  r30r2 ot or

We are interested in the asymptotic behaviour of the solution near the corners. One example
of our solution domain is shown in Figure 4.1, where the corners are the points P, Q.

Fig. 4.1: The solution domain 2 (left) and the auxiliary domain € (right)

12



4.2 Asymptotics of steady Navier-Stokes flow near the corner

Substituting B (4.5)
into (4.4) we come to the equation
1 8_w831p B 1 0% N 1 0%
(y+70)? Oy 92*  (y+10)* Oy 0xOy* ~ (y +10)® Oy Oy
IR 0P 1 8_¢83¢ B 1 ooy
(y +10)2 0x 0220y (y+10)2 0x Oy (y+19)1 01 Oy
1 o oMY oM
- y—l—r0(8y4 +28y289§2 + 8:754) B
3 3 3 3 2
1 %Y 8@/}+8@/J 9% 3 0 3 oY (4.6)

_(y +19)% " Ox? + 0x20y  Oxdy? + 8y3) (y + 1r0)% Ox? B (y + 7’0)48_96 ’

which, to be a bit more general, we consider on the domain 2y shown in Figure 4.1, the corner
being in the origin of the coordinates, with the internal angle w, 0 < w < 27.

The coefficients in (4.6) are infinitely differentiable in 2. To study the asymptotic behaviour
of the solution of (4.6) near the corner P, we first restrict ourselves (cf. Kondratiev [22]) to the
principal part of equation (4.6), namely

4 4 4
81/1+281/1 —I—aw:f, (4.7)
oxt 0x20y?  oy?
where we first assume f = 0. We perform the transformation into the polar coordinates p, 1,

x=p cost, y=p sind. (4.8)

Equation (4.7) in polar coordinates reads

190 010 o 19 010

000" 9000p"0p  p0p"0p ? 00°
10210 9y 1 92 10%

Sk I i Y} 4.
+p28192p8pp6,0+p28192p28192} 0 (4.9)

So(w) = |

The boundary conditions are
o, =0 %

= 4.10
o on lagy ( )

where n is the outgoing normal to the boundary 0f).
The problem (4.9), (4.10) is the same as in Kondratiev [23], and we follow his procedure.
To study the asymptotics in {2y near the corner P, we first consider the infinite cone €,

Qo = {(p,V), 0 < p<oo, a<d<f} (4.11)

where v €< 0,27), 5 € (0,27 >, a < [3, are given angles, f — o = w. Substituting 7 = ln%
into (4.9), we get

[(Yrrrr + Aprrr + 4tbrr) + Athrgy + 2007r99 + Vovos + dPgg] = 0 (4.12)

on the infinite strip 7 € (—o0, +00) , ¥ € (o, 3). Now we can perform the Fourier transform
with respect to 7, (i being the imaginary unit)

“+o00

DO 9) = (2m)12 / e (r, ) dr, (4.13)

— 00

and then Eq. (4.12) transforms to the ordinary differential equation
L9, i\ = Pgggy + (=202 4+ 4iX + Dby + (A1 — 4iX® — 4N = 0, (4.14)

13



where 9 € (o, 3). The operator L depends analytically (in fact polynomially) on A. Thus the
inverse operator R(A) (if it exists at least for one point A € C) is a meromorphic operator-valued
function of A, each pole of R(\) having finite multiplicity.

Equation (4.14) is a fourth order equation with constant coefficients. We denote them

A=-2)N4+4iN+4, B=X\—4i\3—4)\%
To find the general solution of (4.14), we have to solve the biquadratic equation

pt+ Ap* 4+ B = 0. (4.15)
The squares of the solutions of Eq. (4.15) are (u?); = A2, (p?)2 = (A—2i)%. So the solutions
of (4.15) are s = £\, pa= £(\—20). (4.16)

Now we can prove the following Lemma.

Lemma 4.1 There are no poles of the resolvent R(\) on the line Im\ = 2.

Now we can use the following theorem proved by Kondratiev [23]. We use the Sobolev spaces
WI;(Q) supplied with the norm

DIml
Z// 62km|Dmu| dl’ Dm_am1a m27|m|:m1—|—m2, (417)

el s g,

Now let us return to the full Navier-Stokes equation (4.6). We rewrite (4.6) in the form

ot ot ot
v, v ot

oyt oy20z? Ozt =/ (4.18)

where now

PR (aﬁ%p Py Py a%) 3 9% 3 oy

(y +1o) \ Oz3 + 0x20y + 0x0y? + oy? (y+19)2 022 (y+10)3 o
N 1 - 1 8_¢63¢ B 1 8_¢ Y 1 8_@& 0%
v~ (y+ro) 0y 0z3  (y+ro) Oy 0xdy* ~ (y + 19)? Oy Ox0y
3 3
1 oy 0% 1 owoPy L o (1.19)

(y +70) Oz 9220y (y+10) Iz D3 (y +10)3 Dz y

By (4.19) we get, cf. Agmon et al.[1], » € W*(Q N {(z,y), 2% + y*> > R}) VR > 0. As in

Kondratiev, Olejnik [24], we can then receive ¢ € Wi(ﬁo) Then, using boundedness of a’i, %

in Qy we can prove that the function f in (4.19) satisfies f € WQ(QO).
Now we are in the position to use the following theorem by Kondratiev, Olejnik [24].

Theorem 4.1 Let f € Vf/;ll(@o) and let ¢ € W{;H(ﬁo) be the solution of (4.7) satisfying the
boundary conditions (4.10) on 0). Let

5+ 2k 542k
hy = 51+21+6> “2 S (4.20)

Suppose that the resolvent function R(X\) has no poles on the line Tm A = hy.
Then the solution v has the form
pjil
lay) = 30D VIt g vy (0) + wiz,y), (4:21)
7 s=0
. o k1+4 ,~ ~
where w satisfies (4.10), w € W];l (Q0), Vs € C®(Qy), ajs = const., and \; are the poles of
multiplicity p; of the function R(\), satisfying h < Im\; < hy.
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Now we can apply Theorem 4.1 to Eq. (4.18), with £ = 0, 6 = 4. We put h; = 2 according to
Lemma 4.1, k&, =0, 6, = 2.

Theorem 4.1 deals with the infinite cone (NZO. The situation is a bit more complicated in the
conical domain €, and we refer to [5].
Now we try to find the poles of R()). According to (4.16), the general solution of (4.14) is

-~

1 = c1exp(AD) + cgexp(—AY) + c3sin(200) + ¢4 cos(209). (4.22)

The boundary conditions are

e

J=«

8{/; )

sl — 9P = 4.2
09 lv=a 0. % =3 0, (4.23)

To obtain a nontrivial solution of the problem (4.22), (4.23), the necessary and sufficient
condition is that the following determinant be zero,

exp(Aa)  exp(Af) A exp(Aa) A exp(Af)

- exp(—Aa) exp(—A3) —Aexp(—Aa) —Aexp(=AF) |
R(A) = det sin(2a) sin(20) 2 cos(2a) 2 cos(20) =0 (4.24)
cos(2a)  cos(20) —2 sin(2aq) —2 sin(20)

Let us for example take the angle w = %7?, ie.a=0, 0= %71’. We come to the first root of
(4.24): i\ = —1.54448374, which is simple, so that, according to Theorem 4.1, the first term
of the asymptotic expansion is p!->444837 j e

o, 0) = PRI g9y (4.25)

This result is the same as that obtained in desk geometry by Kondratiev [23], Ladevéze,
Peyret [26], M. Dauge [16], where

’QZJdESk(p, 19) — p1.5445 ¢d(19) o (426)

Now according to (4.3) we get the expansion for the velocities:

w(p,9) = pOPHB (9 .. 1=1,2, (4.27)

where the functions ¢; do not depend on p.
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5 A posteriori error estimates for the Stokes equation

At present various a posteriori error estimates for the Stokes problem are available. We mention
e.g. Babuska, Rheinboldt [3], Ainsworth, Oden [2], Verfiirth [30]. Other references in [6].

One of the goals of this chapter is to study the aspect of the constant that appears in the
estimate because it plays significant role in the adaptive mesh refinement. That is why we
derive our own a posteriori estimate and trace carefully the role of different constants and their
sources. In [6] we derived an a posteriori estimate for the Stokes problem in a 2-dimensional
polygonal domain. In [7] we presented a posteriori estimates also for 3-dimensional domains.

The outline of the chapter is as follows. In Section 5.1 we consider the Stokes problem and
its finite element approximation with Taylor-Hood elements. The a posteriori error estimate
for the Stokes problem is shown in Section 5.2. In Sections 5.3-5.4 we describe implementation
and tests of a posteriori error estimates of the discretization error for Navier-Stokes equations.
These estimates are computed using approximate numerical solution on an initial finite element
mesh. On each element they give us information about the discretization error. This enables
us to consider the quality of the mesh, and also to refine the elements of the mesh, where the
discretization error is too high, and then compute new solution on that new mesh. This way
we can continue, until the prescribed accuracy is reached. Numerical results are demonstrated
in Section 5.5 on a model of fluid flow in a domain with corner singularity.

5.1 The Stokes problem and finite element solution

Let us consider the steady Stokes problem on a bounded Lipschitzian domain Q C IR? as
defined in Section 2.3, now with simplified boundary conditions: given f& L*(), find {u,p} €
HY(Q)4 x L3(£2) such that, in the weak sense,
—vAu+Vp = f inQ,
divu = 0 in Q, (5.1)
u = 0 on 0f),

L%(Q) is the space of L? functions having mean value zero. Let us denote (.,.)o the scalar
product in L? and let V = H}(Q)? x L3(f2). Problem (5.1) is known to have a unique solution,
cf. [19], and consists in: find {u, p} € V such that

v(Vu, Vu,) — (p,div uy)o + (ps, div u)g = (f,ui)o V{u.,p.} € V. (5.2)

For the finite element approximation we take € a polygon in IR?, for simplicity. Let {7} o
be a regular (cf. [19]) family of triangulations of €.
We use Hood-Taylor elements as defined in Chapter 3.

5.2 A posteriori error estimate for the Stokes problem

We define the residual components on the elements K € 7", by the relations
Ri(u",p") = f +vAu" — Vp",  Ry(u", p") = div u". (5.3)

The error components are defined on €2 by

h h
Ey=U—U , =D D ,

where {u, p} is the exact solution defined in (5.1), {u”, p"} is the approximate solution, by (4).
The V norm of {e,,e,} is

I{ew, e} IV = (eu, €u)1 + (ep, p)o-
Using the Poincaré-Friedrichs inequality, the Galerkin orthogonality, the Schwarz inequality,
the interpolation properties of V}, @, and the estimate of the solution of the dual problem,
we get the theorem (proof in [6] is based on the ideas of Eriksson et al. [18], and Babuska,
Rheinboldt [3])
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Theorem 5.1 Let Q be a polygon in IR* with Lipschitz continuous boundary. Let T" be a
reqular family of triangulations of Q. Let {u” p"} be the Hood-Taylor approzimation of the
solution {u,p} of the Stokes problem. Then the error {e,, e,} satisfies the following a posteriori

estimate P
leulls + llepllo < 2Cp Cr Cr Y | bl Ra(u” p") o +
KeTh (5.4)

20

Remarks The constants Cp,C}, and Cg in Theorem 5.1 come in turn from the Poincaré
inequality, the interpolation properties of V},, @), and the regularity of the dual problem, re-
spectively.

Our result in Theorem 5.1 is in agreement with that of Verfiirth [30], though the technique
of the proof is different, and we do not require any regularity.

[ Ra(u", p") o + hKZ
leOK

where Cp, Cr, Cr are positive constants.

5.3 A posteriori estimates for 2D steady Navier-Stokes equations

Let us consider the steady Navier-Stokes problem (4.6), (2.13), with boundary conditions (2.10),
(2.11). For the discretization by finite elements we use again Hood-Taylor elements P2/P1.

Suppose that exact solution of the problem is denoted by (uq,us,p) and the approximate
finite element solution by (uf,uf, p,). The exact solution differs from the approximate solution
in the error

(€u17 Cuss ep) = (U1 - uilla Uy — ugap - ph) (55)
For the solution (uq, us, p) we denote
U (ur, ug, p, Q) = [[(ur, uz, p)IF = [[(ur, u0) [T 0 + P15 0 (5.6)

8u1 2 6%1 2 8u2 2 61&2 2
_ 2 2 ouy g1 g2 Z2 2
_/Q<u1+u2+(ax> +(ay> +(8$> +(ay> a0+ [ pan

The estimate in Theorem 1 can be generalized to the Navier-Stokes equations:

[(eurs eas) 110 + leplls o < E2(ut, ub, p"), (5.7)
where (cf. [30])
52(“?7“2719 Q Z hK/ Tl +T2 Z / ] ’ (58)
KeTh KeTh? TK

where hg denotes the diameter of the element Ty and r;, ¢ = 1,2, 3, are the residuals

, Oult ou Pul Pl op"
ro= fx—( 8—1+ 28;)+y(6x21+8y21)_83:’ (5.9)
, Oul ou Pul *ul op"
ry = fy—( a—2+ 262)+ (81:22+8y22)_8y’ (5.10)
oul  oub

Let us note that due to our practical experience we use only the element residuals.
Denote also

2l T) = O [;ﬁ{/ (2+2)+ |
Tk

Tk

rgdgz] : (5.12)
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Qualitatively the value of the constant C' is not simple to determine, the sources are seen in
Theorem 5.1. It is important, that C' doesn’t depent on the mesh size and so can be determined
experimentally for general situation.

By computing of the estimates (11) we obtain absolute numbers, that will depend on given
quantities in different problems. We are mainly interested in the error related to the computed
solution, i.e. relative error. This is given by the ratio of absolute norm of the solution error,

related to unit area of the element Tk, ﬁ EX(ul, ub, p" Ty ), and the solution norm on the

whole domain , related to unit area ‘51' 1(uf, uf, p") I3, ie.

Q| EX(ul, ub, p", T )
RQ uh7uh)ph7TK = | o 7 : 5.13
Sk ) [ Toc| [I(uf, ug, P 19

5.4 Determination of the constant C

In papers [11], [12] we investigated the problem of the constant C' in the a posteriori error
estimates. Comparing analytical and finite element solution of some model problems we found
the apropriate value of the constant. For details we refer to [11] and [12].

5.5 Numerical results and application of estimates to the construction
of adaptive meshes

Consider two-dimensional flow of viscous, incompressible fluid described by Navier-Stokes equati-
ons in domain with corner singularity, cf. Fig. 5.1.

025
919

30 10 145
(185)

Fig. 5.1: Geometry of the channel

Due to symmetry, we solve the problem only on half of the channel, cf. Fig. 5.2. On the
inflow we consider parabolic velocity profile, at the outflow ’do nothing’ boundary condition.
On the upper wall, no-slip condition and on the lower wall, condition of symmetry (i.e. only y—
component of velocity equals zero). We consider the following parameters: v = 0.0001 m?/s,
Ui = 1 m/s. The initial mesh is in Fig. 5.2. Relative errors on the elements of the initial mesh
are on Fig. 5.3.

Fig. 5.2: Initial finite element mesh

Elements, where the relative error by (5.13) exceeds 3 % are refined, and new solution
together with new error estimates is computed. The refinements are seen on Figures 5.4, 5.5.

The relative errors in the vicinity of the corner are shown on Figure 5.6. Numerical results
of velocity components and pressure are on Figures 5.7 ; 5.8, and 5.9. The corner singularities
caused by nonconvex corners are approximated with high accuracy.
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Fig. 5.5: Finite element mesh after third refinement
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Fig. 5.6: Relative errors on elements of the third refinement
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Fig. 5.8: Velocity u, after third refinement

5.6 Conclusions

In the a posteriori estimate (5.4) only the constant C'p can be evaluated directly. The others
are not known from the analysis. But in the application to the adaptive mesh refinement we
need the constant. We developed a technique for calculating the constant with high accuracy.
Of course this approach needs some improvement, and it will be a subject of future research.

Let us note that another way of local mesh refinement near the singularity has been sug-
gested in [5]. This approach will be applied in Chapter 6.

Fig. 5.9: Pressure p after third refinement
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6 Application of a priori error estimates for Navier-Stokes
equations

The goal of this chapter is to summarize author’s experience with the application of a priori
error estimates of the finite element method in computational fluid dynamics. This approach
is applied to generation of the computational mesh in the purpose of uniform distribution of
error on elements and is used in precise solution on domains with corner-like singularities.
Incompressible viscous flow modelled by the steady Navier-Stokes equations (2.20)-(2.22) is
considered.

One possible way to improve accuracy of solution by the FEM is to refine the mesh near
places, where singularity can appear by means of adaptive refinement based on a posteriori
error estimates or error estimators, as presented in Chapter 5. This method could be quite time
demanding, since it needs several runs of solution. Completely different method is applied in
this chapter. Computational mesh is prepared before the first run of the solution.

Numerical results are presented for flows in a channel with sharp obstacle and in a channel
with sharp extension. Let us note that some other results were published in [14]

6.1 Algorithm for generation of computational mesh

In the derivation of the algorithm, two main ‘tools’ are used. The first is a priori estimate of
the finite element error for the Navier-Stokes equations (2.20)-(2.22) (cf. [19])

/ /
190wl < (S0 0 o) + (S 19w ] (6D
K K

1/2 1/2
Ip = pullaen < C{(So M N lpnng) + (W P ) | (62)
K K

where hg is the diameter of triangle Tk of a triangulation 7, and k£ = 2 for Hood-Taylor
elements, which are applied in presented numerical experiments.

The second tool is the asymptotic behaviour of the solution near the singularity. In Section
4.2 (see also [5]), it was proved for the Stokes flow in axisymmetric tubes, that for internal
angle oo = %77, the leading term of expansion of the solution for each velocity component is

ui(p, 0) = " pi(0) + ..., i =1,2 (6.3)
where p is the distance from the corner, ¥ the angle and ¢; is a smooth function. The same
expansion is known to apply to the plane flow (cf. [22]), and similar results were also proved

7]

for the Navier-Stokes equations. Differentiating by p, we observe — oo for p — 0.

Taking into account the expansion (6.3), we can estimate

TK
| u |§{k+1(TK)z C / PPNy dp = C [—r?((w_k) + (rx — hK)Q(V_k)] (6.4)
rx—hg

where rg is the distance of element Tk from the corner, cf. Figure 6.1.
Putting estimate (6.4) into the a priori error estimate (6.1) or (6.2), we derive that we
should guarantee

hie [—T%v_k) + (rg — hK)Q(%k)} ~ ey (6.5)

in order to get the error estimate of order O(h’jef) uniformly distributed on elements. From
this expression, we compute element diameters using the Newton method in accordance to
chosen h,.¢. Similar idea was presented by C. Johnson for an elliptic problem in [21].
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element T

rT-h L hT

Fig. 6.1: Description of element variables

i | r; (mm) | h; (mm) i | r;(m) | h; (m)
1 | 0.25000 | 0.06004 1 | 0.30000 | 0.06956
2 | 0.18996 | 0.04808 2 10.23044 | 0.05621
3 | 0.14189 | 0.03795 3 1 0.17423 | 0.04483
4 | 0.10394 | 0.02947 4 | 0.12940 | 0.03522
5 | 0.07447 | 0.02245 5 | 0.09419 | 0.02720
6 | 0.05202 | 0.01674 6 | 0.06699 | 0.02059
7 | 0.03527 | 0.01217 7 1 0.04640 | 0.01524
8 | 0.02311 | 0.00858 8 | 0.03116 | 0.01098
9 | 0.01453 | 0.00584 9 | 0.02017 | 0.00767
10 | 0.00869 | 0.00380 10 | 0.01250 | 0.00515
11 | 0.00489 | 0.00234 11 | 0.00735 | 0.00330
12 | 0.00255 | 0.00134 12 | 0.00405 | 0.00199
13 | 0.00121 | 0.00070 13 | 0.00206 | 0.00112
14 | 0.00050 | 0.00050 14 | 0.00094 | 0.00057

15 | 0.00038 | 0.00038

Table 6.1: Resulting refinement for the first (left) and the second (right) cases of geometry

6.2 Geometry and design of the mesh

The algorithm was applied to two different computational domains in 2D. The first is the
channel with sudden intake of diameter (see Fig. 5.1), the second is the channel with abruptly
extended diameter (Figure 6.2). Since these are symmetric, the problem was solved only on the
upper half of the channels.

3000 3000

22000
|
1
4000

9000

Fig. 6.2: The second geometry

In the first case of geometry, diameters of elements were computed for values h,.;y =
0.1732 mm, k = 2, v = 0.5444837. We started in the distance r; = 0.25 mm from the cor-
ner. This corresponds to cca 3% of relative error on elements. Fourteen diameters of elements
were obtained (Table 6.1).

For the second channel, we used h,y = 0.1732 m, k = 2, v = 0.5444837 and started in
the distance r; = 300 mm from the corner. Fifteen diameters of elements were obtained (Table
6.1).

Note, that those are ‘1D’ data. An experiment with three meshes with different refined
details (Figure 6.3) was performed (cf. [12],[28] for details). Type C of refinement in Figure
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6.3 provided the best uniformity of the error on elements, therefore was chosen for further
applications. This type of refinement corresponds to the polar coordinate system used in the
derivation of the algorithm, and is applied in the two experiments described in this chapter.

Fig. 6.3: Details of refined mesh - type A (left), type B (middle), type C (right)

The refined detail is connected to the rest of the coarse mesh. In Figures 6.4-6.5, final meshes
after the refinement are shown for both geometries.

0.02 -
0 P
0 0.05 0.1 0.15
Fig. 6.4: Final computational mesh for the first channel

3Sr

o ; :

| B 17 i

00 L EREE! : ueu i

Fig. 6.5: Final computational mesh for the second channel

6.3 Measuring of error

To review the efficiency of the algorithm, we use a posteriori error estimates as derived in
chapter 5, to evaluate the obtained error on elements. Suppose that the exact solution of
the problem is denoted as (uq,ug,p) and the approximate solution obtained by the FEM as
(ulr, ult p"). The exact solution differs from the approximate solution in the error (ey,, €y,,€,) =
(ug — ul, uy — ult,p — ph).

In adaptive mesh refinement in Sections 5.3 - 5.5 we used the error estimator (5.13). In
this Chapter, for the similarity with a priori error estimate, we use the modified absolute error
defined as

Q| (un, uan, ph, Tk)
2 T = — .
AL (win; won, pr, Tre, 2,m) Toc| U2 (s, won, prs ) (6.6)

where |Ty| is the mean area of elements obtained as [Tx| = 1, where n denotes the number of

n?

all elements in the domain, and the symbols 2 (uyp, Uap, pr, Tx), U (urn, Usp, pr, ) are dfefined
in (5.6), (5.12).
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6.4 Numerical results

Channel with sudden intake of diameter (results for Re = 1000)

In Figures 6.6-6.7, plots of entities that characterize the flow in the channel are presented. In
Figure 6.6, there are streamlines and plot of velocity component u,. Plots of velocity component
u, and pressure are in Figure 6.7. Note, that the fluid flows from the right to the left on plots
of ug, uy, and p, to have better view.
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Fig. 6.7: Velocity component u, (left) and pressure (right)

In Figure 6.9, there are values of obtained error on elements in refined area. All values are
listed in Table 6.2. Marking of elements in the table is described in Figure 6.8, together with
plot of contours of velocity u, close to the corner.

\ \ \ 11 12

connecting
elements

9 A ?
/ - KL M N
| 8 |

‘ ‘ 6 5 4 3

Fig. 6.8: Contours of u, (left) and marking of elements for Table 6.2 (right)
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Fig. 6.9: FEM error on elements in the refined area for the first case of geometry
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Table 6.2: Obtained errors on elements for the first case of geometry
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Channel with abruptly extended diameter (results for Re = 400)
Similarly, streamlines, plots of velocity components u, and u,, and pressure are presented
in Figures 6.10-6.11.
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Fig. 6.10: Streamlines (left) and velocity component w, (right)

Fig. 6.11: Velocity component u, (left) and pressure (right)

In Figure 6.12, there are, again, values of obtained error on elements in refined area.
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Fig. 6.12: FEM error on elements in the refined area for the second case of geometry
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7 Conclusion

Presented work is mainly focused on flow problems with singularities caused by corners in the
solution domain, and on the construction of the the FEM solution in the vicinity of these
corners as precisely as desired.

We presented two ways for getting desired precision of the FEM solution in the vicinity
of corners. Both make use of qualitative properties of the mathematical model of flow. As a
mathematical model we accept the Navier-Stokes equations (NSE) for incompressible fluids.

The first approach described in Chapter 5 makes use of a posteriori error estimates of
the FEM solution which is carefully derived to trace the quality of the solution. Especially the
constant in the a posteriori estimate is investigated with care. Then we use the adaptive strategy
to improve the mesh and thus to improve the FEM solution. Numerical results demonstrate
the robustness of this approach.

The second approach stands on two legs. In Chapter 4 we derive the asymptotic behaviour
of the exact solution of the NSE in the vicinity of the corner. This is obtained using some
symmetry of the principal part of the Stokes equation, then applying the Fourier transform,
and investigating the resolvent of the corresponding operator. Second leg is the a priori error
estimate of the FEM solution where we estimate the seminorm of the exact solution by means of
the above obtained asymptotics. In Chapter 6, according to these ideas we derive an algorithm
for designing the FEM mesh in advance (a priori). On the mesh we then obtain the solution
with desired precision, namely in the vicinity of the corner though there is a singularity there.

Two applications in Chapter 6 confirm the achievement of the goal — to obtain solution
tinged with errors on elements satisfactorily small and uniformly distributed. The uniformity
is apparent in Figures 6.9 and 6.12, and in Table 6.2. Using this approach, we can save a lot of
computational time using mesh ‘prepared’ for expected solution.

At present we deal also with the stabilized version of FEM to enable the calculation of
flows with higher Reynolds numbers [15]. In future we intend to combine stabilization with
presented achievements on a posteriori error estimates. Our achievements with precise solution
of problems with singularities may serve as an important tool for verification.

Results of Chapters 4 - 6 were presented e.g. on the following international conferences:
e FEF05, Finite Elements in Fluids, Swansea, March 2005, see [15]

e [CFD International Conference on Numerical Methods for Fluid Dynamics 2004, Univer-
sity of Oxford, March 29 — April 1, 2004, cf. [14]

e ICCFD3, Toronto, July 12 — 16, 2004, cf. [13]
e ENUMATH 2003, Prague, August 18 — 22, 2003, cf. [12]

e ICCFD2, 2-nd Int. Conf. on Computational Fluid Dynamics, Sydney, Australia, July,
2002,

e ENUMATH 2001, the 4-th European Conference on Numerical Mathematics and Advan-
ced Applications, Ischia, Italy, July, 23 - 28, 2001,

e Finite Element Methods, Three-Dimensional Problems, Jyvaskyla, June 2000
e ICCFDI1, Int. Conf. on Computational Fluid Dynamics, Kyoto, JAPAN, July 2000

e Finite Element Methods, Supeconvergence, Post-Processing and A Posteriori Estimates,
Jyvaskyla 1996, see [5]
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