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Summary 

Two methods – the isothermal heating and linear heating – for the 

determination of the linear thermal expansion coefficient, α(T), are 

compared. The coefficient α(T) is in general evaluated as the temperature 

derivative of the thermal strain which is here measured by a push-rod 

dilatometer. We found that the pros and cons of the two methods were 

complementary. While in the isothermal heating method sample 

temperatures are well established, the linear heating method is much less 

time demanding and provides a large number of experimental data. The 

latter is important for a proper evaluation of α(T) as a derivative of the 

thermal strain as well as for the ability to observe processes that take place 

in samples as the temperature is changed. In order to obtain these results, a 

classical building material (a concrete containing ground ceramics as a 

partial replacement of Portland cement) was used for measurements in the 

temperature range of 20 – 800 °C.  
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Souhrn 

Porovnáváme dvě metody pro určení koeficientu lineární teplotní 

roztažnosti, α(T), a sice, isotermální metoda a metoda lineárního ohřevu. 

Koeficient α(T) se obecně počítá jako derivace teplotní deformace, který je 

zde měřen pístovým dilatometrem podle teploty. Zjistili jsme, že výhody a 

nevýhody těchto dvou metod jsou komplementární. Zatímco při metodě 

isotermálního ohřevu jsou teploty vzorky dobře stanovené, metoda 

lineárního ohřevu je mnohem méně časově náročná a poskytuje rozsáhlý 

počet experimentálních údajů. To je důležité pro správné určení α(T) jako 

teplotní derivaci relativního prodloužení stejně jako pro schopnost sledovat 

procesy, které probíhají ve vzorku při změně teploty. Za účelem získaní 

těchto výsledků, byl v teplotním intervale 20  – 800 °C, na měření použitý 

klasický stavební materiál (beton s obsahem mleté keramiky). 
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1. Introduction 

In general, materials change their volume, V, when their temperature, T, is 

changed. This thermal deformation is characterized by the material quantity 
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called the thermal expansion coefficient (V0 is an initial volume). In the 

simple case when the volume varies with temperature only in one 

dimension, while the other two dimensions remain unchanged (or their 

change is negligible), αV turns into the linear thermal expansion coefficient 

(LTEC) [2] 
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is called the thermal strain (T0 is an initial/reference temperature). Within a 

narrow temperature interval, (T0, T), the expansion coefficient α is 

approximately constant, yielding 
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However, the latter relation is inappropriate in general, and one should 

evaluate α as the derivative given in Eq. (2). Otherwise, only the value of α 

at an unknown temperature lying somewhere between T0 and T is obtained 

instead of its value at T (by the mean-value theorem of the integral 

calculus). 

A correct determination of the expansion coefficient α by Eq. (2) requires an 

accurate measurement of the temperature and the corresponding thermal 

strain. For non-homogenous materials, such as building materials, samples 

of sufficiently large dimensions must be measured. This may cause 
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problems especially for a correct measurement of the sample temperature. 

The temperature is usually measured by a thermocouple located close to the 

sample, so the temperature in the whole sample need not be known 

accurately. To avoid this, one may use an isothermal heating when the 

sample is kept at a given temperature for a sufficient time. This approach 

was applied for the measurement of α for building materials in [3-8], for 

example. Then the recorded thermal strain  corresponds to a well-

established temperature.  

However, the isothermal heating usually does not allow one to observe 

physical and chemical processes that may take place in the sample during 

temperature changes. To this end, a non-isothermal heating, mostly a linear 

heating with a constant rate, may be conveniently used. The measurement of 

the expansion coefficient α for building materials by this method was 

carried out in [9-18], for example. The drawback of this method is the 

difficulty to associate a correct temperature with the measured values of . 

This lecture is about the comparison of these two methods, the linear and 

the isothermal heating, for the measurements of the linear thermal 

expansion coefficient α and discussion about their advantages and 

disadvantages. As a non-homogeneous material, a classical building 

material was used, namely, a concrete containing ground ceramics as partial 

replacement of Portland cement. The measurements were performed for the 

temperatures between 20 and 800 °C. 

 

2. Samples and measurement methods 

The samples with a varying mass ratio of cement and ground ceramics were 

used. We labeled the samples as RC, RC10, RC20, RC40, and RC60 in the 

order of an increasing amount of ceramics. The composition of the samples 

is given in Table 1.  The samples were prepared as follows. At first, a 

mixture of cement and ground ceramics was homogenized during 1 minute 

using a SPAR SP-200D mixer at speed level 2 and then siliceous aggregates 

were added. The mixing continued for 10 min under the same conditions. 

Then water was added into the mixture of solid components. The mixing 

proceeded for 1 min at a slower rotation speed level (speed level 1) and for 

the next 9 minutes at speed level 2. During the mixing process, the mixer 

was stopped several times and the material which was out of reach of the 

mixing paddles was placed back within their reach. A 100 mm  100 mm  

400 mm mold lightly coated with paraffin oil was uniformly filled with the 
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mixture. The sample was covered with a plastic film and stayed in 

laboratory conditions for 72 h. Then the mold was removed and the whole 

sample was covered with a plastic film. The plastic film protection of 

moisture evaporation was kept for 7 days. After a time period of 28 days 

after mixing, the samples were prepared for testing. Their dimensions were 

16 mm  16 mm  160 mm.  

Table 1 – Composition of studied materials 

Composition 
Quantity [kg·m-3] 

RC RC10 RC20 RC40 RC60 

cement CEM I 42,5 

Mokrá 
484.0 435.6 387.2 290.4 193.6 

ground ceramics 
0 

(0%) 

48.4 

(10%) 

96.8 

(20%) 

193.6 

(40%) 

290.4 

(60%) 

siliceous aggregates  

0-4 mm 
812 812 812 812 812 

siliceous aggregates  

8-16 mm 
910 910 910 910 910 

superplasticizer 

Mapei Dynamon SX 
5.3 5.3 5.3 5.3 5.3 

water 160 160 160 160 160 

 

 

The experimental procedure for the determination of the dependence of α on 

T consisted of two steps:  

(1) a direct measurement of the thermal strain ε(T);  

(2) a subsequent (numerical) evaluation of α(T).  

The measurement of ε was carried out by the thermodilatometric analysis 

(TDA) which is a widely employed, well-known, and convenient method 

for the investigation of thermal changes in solid materials. In this research, 

a push-rod dilatometer with the resolution of 1 m was used (see Fig. 1) 

[19].  
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Fig. 1 – The scheme of a push-rod dilatometer: 1 – isolation cover, 2 – 

heating spiral, 3 – sample holder, 4 – computer, 5 – slot for thermally 

resistant ceramic contact rod (6), 7 – measuring sample, 8 – measuring 

sensor, 9 – static steel construction, T1 and T2 – thermocouples 

We investigated samples, using two methods of measurement. In the first 

method, samples were studied during a linear heating from a room 

temperature T0 up to 800 °C with the heating rate of 1 °C/min, and the 

thermal strain of the sample was measured continuously. More precisely, 

values ε1, ε2, … of the thermal strain were measured in short time intervals 

corresponding to temperatures τ1, τ2, … measured by a thermocouple placed 

near a sample. The series of points (εk, τk) provided a discrete representation 

of the true temperature dependence ε(T) of the thermal strain. In the second 

method, the temperature in the dilatometer was increased linearly at the rate 

of 10 °C/min from T0 up to the temperature of the isothermal heating 

(chosen as T1 = 100 °C, T2 = 200 °C, …, and T8 = 800 °C) and kept at this 

temperature for 2 h. The corresponding thermal strain, εi, was measured at 

each Ti. Again, the points (εi,Ti) were a discrete representation of the 

function ε(T). 

Using the experimental data on the thermal strain, i.e., the points (εi,Ti) or 

(εk,τk), the linear thermal expansion coefficient α(T) was calculated 

according to Eq. (2) [4, 11]. As mentioned in the Introduction, the 

evaluation of α(T) according to Eq. (4) [3, 5, 9, 10] could be inappropriate 

and, thus, we shall not employ it here. The application of Eq. (2) in the case 

of linear heating is straightforward because of a large number of the 

experimental points (εk,τk) so that a smooth function, εlin(T), interpolating 

these points can be readily found and the derivative of ε can be evaluated 

numerically with a good precision.  
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In the case of isothermal heating we first approximated the points (εi,Ti) by a 

smooth function, εiso(T), using a regression analysis, and then calculated 

α(T) as a derivative of this function. Since the - transformation of quartz 

is the dominant process in the studied samples, we chose the function εiso(T) 

as the hyperbolic tangent 
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Here ε1(T) and ε2(T) are taken as polynomials that approximate the thermal 

strain in the interval from the room temperature to 500 °C and from 600 °C 

to 800 °C, respectively, a is a constant obtained by fitting Eq. (5) to the 

thermal strain in the interval from 500 °C to 650 °C, and T = 573 °C is the 

- transformation temperature. The hyperbolic tangent form of the 

function εiso(T) from Eq. (5) follows from the statistical mechanical theory 

of first-order phase transitions applied to finite samples [20, 21].  

 

3. Results and discussion 

Since the concrete is a non-homogeneous material, for each of the five types 

RC, RC10, RC20, RC40, and RC60 we measured three samples and their 

average was plotted in the corresponding figure. For the sake of a reliable 

comparison, the samples had identical dimensions for both employed 

methods. Prior to the comparison of the two methods, we will discuss the 

processes that occur in the samples during heating up to 800 °C.  

 

3.1 Processes 

Figures 2, 4, 6, 8, and 10 show the temperature dependencies, ε(T), of the 

thermal strain measured by both the isothermal and linear heating methods 

for all five types of the studied concrete materials. As is clear from the plots 

of ε vs. T, the thermal strain is a slowly increasing function of the 

temperature within the studied temperature interval, except in the range 

from 500 °C to 700 °C. In this range the increase of the thermal strain is 

rather abrupt. It is associated with the - transformation of quartz that 

takes place at 573 °C [22], as was also observed in [7, 16]. It is well known 

that if quartz grains are free and can change their dimensions without 

obstructions, their relative volume change is +0.68 % [23]. Moreover, the 
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thermal expansion coefficient of -quartz is 1.8  10
-5

 K
˗1

, while that of -

quartz is negligible [22, 24]. Above 700 °C the thermal strain again 

increases only slowly. The increase depends on the amount of the ground 

ceramics in the samples: the larger the amount of ceramics, the slower the 

increase. This is caused by the sintering of the ceramic part of the concrete.  

Figures 3, 5, 7, 9 and 11 show the temperature dependencies (T) of the 

linear thermal expansion coefficient measured by both the isothermal and 

linear heating methods for the five used concrete materials. From linear 

heating measurements we can easily observe processes occurring in the 

studied samples, such as the liberation of the physically bonded water (up to 

150 °C) and the - transformation of quartz (at 573 °C). All obtained 

results on (T) show that the samples were not dried (their initial moisture 

content was 2 % by mass) so that (T) decreased up to 150 °C when the 

physically bonded water is completely liberated. Then (T) slowly increases 

up to 500 °C.  

Within the interval from 500 °C to 670 °C the coefficient (T) exhibits a 

sharp peak corresponding to the - transformation of quartz in the 

samples. The peak has a maximum at a temperature slightly above the - 

transformation temperature 573 °C, as should be expected whenever the 

linear heating method is applied. Note that the observed peaks have the half-

width about 100 °C and maximum about 5  10
-5

 K
-1

. 

The subsequent behavior of (T) within the interval from 670 °C to 800 °C 

depends on the content of ceramics in the samples. For lower ceramic 

contents (T) increases. When the ceramics content is 20 %, the value of 

(T) is almost constant. Finally, when the ceramics content is above 20 %, 

(T) decreases due to the sintering of ceramics. 
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Fig. 2 – Thermal strain of RC sample during heating up to 800 °C for the 

linear and isothermal heating. The grey line corresponds to the linear 

heating, the black squares to the isothermal heating, and the black dashed 

line to an interpolation of the isothermal data. 

 

 

 

  

 

 

 

 

Fig. 3 – Linear thermal expansion coefficient of RC sample during heating 

up to 800 °C for the linear and isothermal heating. The grey line 

corresponds to the linear heating, the black squares to the isothermal 

heating, and the black dashed line to an interpolation of the isothermal 

data. 
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Fig. 4 – Thermal strain of RC10 sample during heating up to 800 °C for the 

linear and isothermal heating. The grey line corresponds to the linear 

heating, the black squares to the isothermal heating, and the black dashed 

line to an interpolation of the isothermal data. 

 

 

 

 

 

 

 

 

 

Fig. 5 – Linear thermal expansion coefficient of RC10 sample during 

heating up to 800 °C for the linear and isothermal heating. The grey line 

corresponds to the linear heating, the black squares to the isothermal 

heating, and the black dashed line to an interpolation of the isothermal 

data. 

 



- 14 - 

 

 

 

 

 

 

 

 

 

Fig. 6 – Thermal strain of RC20 sample during heating up to 1000 °C for 

the linear and isothermal heating. The grey line corresponds to the linear 

heating, the black squares to the isothermal heating, and the black dashed 

line to an interpolation of the isothermal data. 

 

 

 

 

 

 

 

 

Fig. 7 – Linear thermal expansion coefficient of RC20 sample during 

heating up to 800 °C for the linear and isothermal heating. The grey line 

corresponds to the linear heating, the black squares to the isothermal 

heating, and the black dashed line to an interpolation of the isothermal 

data. 
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Fig. 8 – Thermal strain of RC40 sample during heating up to 800 °C for the 

linear and isothermal heating. The grey line corresponds to the linear 

heating, the black squares to the isothermal heating, and the black dashed 

line to an interpolation of the isothermal data. 

 

 

 

 

 

 

 

 

Fig. 9 – Linear thermal expansion coefficient of RC40 sample during 

heating up to 800 °C for the linear and isothermal heating. The grey line 

corresponds to the linear heating, the black squares to the isothermal 

heating, and the black dashed line to an interpolation of the isothermal 

data. 
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Fig. 10 – Thermal strain of RC60 sample during heating up to 800 °C for 

the linear and isothermal heating. The grey line corresponds to the linear 

heating, the black squares to the isothermal heating, and the black dashed 

line to an interpolation of the isothermal data. 

 

 

 

 

 

 

 

 

Fig. 11 – Linear thermal expansion coefficient of RC60 sample during 

heating up to 800 °C for the linear and isothermal heating. The grey line 

corresponds to the linear heating, the black squares to the isothermal 

heating, and the black dashed line to an interpolation of the isothermal 

data. 
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3.2 Comparison of the two methods 

Comparing the results from Figs. 2 – 11 obtained by the linear and 

isothermal heating methods, it is obvious that the most significant 

differences take place in those temperature intervals where the physical and 

chemical processes occur in the samples. Indeed, a first difference is that the 

liberation of physically bonded water for the temperatures up to about 200 

°C is not observed when the isothermal heating method is used. Then the 

values of the linear expansion coefficient (T) are almost identical until 

another process (the - transformation of quartz) occurs between 500 and 

650 °C. This process can be observed in both methods, but the values of 

(T) in the isothermal heating method are smaller (by up to 37 %) than in 

the linear heating method. This is caused by an insufficient number of data 

obtained for the thermal strain in the former case, leading to a rather 

uncertain determination of the slope a in Eq. (5) and, thus, of (T).  Finally, 

in the temperature interval from about 650 °C to 800 °C the results yielded 

by both methods are again rather similar.  

Since experimental data obtained by the isothermal and linear heating 

methods provide only discrete representations of the temperature 

dependence of the thermal strain ε(T), one must find suitable functions, 

εiso(T) and εlin(T), that fit the corresponding data to a desired accuracy. 

Subsequently, the derivatives dεiso/dT and dεlin/dT, respectively, are 

evaluated and identified with α(T). However, the isothermal as well as the 

linear heating method of determining α(T) has its advantages and 

disadvantages. Two aspects are particularly significant. 

First, a sufficient number of the points (εi,Ti) or (εk,τk) must be collected 

from an experiment in order to get the fitting functions εiso(T) and εlin(T) that 

recover ε(T) with a sufficient accuracy. This is especially essential when 

phase transformations (such as the - transformation in our case) or other 

processes occur in the studied material so that ε(T) dramatically varies in 

some temperature range. If only a small number of the points are obtained, 

such dramatic changes cannot be described by the fitting functions 

accurately enough. As a result, the derivatives dεiso/dT and dεlin/dT, which 

are very sensitive to changes in εiso(T) and εlin(T), respectively, may be 

rather different from the true linear thermal expansion coefficient α(T). 

From this viewpoint the linear heating measurements are very convenient 

because they provide a large number of the points (εk,τk). On the other hand, 

the isothermal measurements are rather time-consuming so that one usually 

collects only a limited number of the points (εi,Ti). Hence, the results on the 

LTEC evaluated from such isothermal measurements should be considered 
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as less reliable, unless there is a sufficient number of data among the points 

(εi,Ti) that cover the temperature ranges where the thermal strain strongly 

varies. 

Second, in order that the thermal strain ε is measured at a temperature T, the 

sample temperature should be equilibrated at T in the whole sample. 

Otherwise, the measured value coincides with the thermal strain at a 

temperature between minimal and maximal temperatures occurring in the 

sample at the time of the measurement. Therefore, in the linear heating 

measurements the value εk is not the thermal strain at T = τk, but εk is equal 

to the thermal strain at the temperature Tk that is shifted with respect to τk, 

implying that the fitting curve εlin(T) is shifted with respect to the true curve 

ε(T). The shift may not be constant within the whole range of investigated 

temperatures, but it generally varies with temperature. Hence, it may be 

intriguing to determine ε(T) from εlin(T) because the curve εlin(T+ΔT0) 

shifted by a mere constant ΔT0 > 0 may not coincide with ε(τ). On the other 

hand, in the isothermal measurements the values εi can be rather safely 

identified with the thermal strain at T = Ti, and no problems with 

temperature shifts arise. From this viewpoint, the isothermal measurements 

are more reliable than the linear heating measurements. 

 

4. Conclusion 

The advantages and disadvantages of two experimental techniques, the 

linear and isothermal heating methods, for the determination of the linear 

thermal expansion coefficient were studied. For this comparison a non-

homogeneous building material (a concrete containing ground ceramics as 

partial replacement of Portland cement) was used. The measurements were 

performed with a push-rod dilatometer for the temperatures from 20 to 800 

°C. In the isothermal heating method samples are thermally equilibrated so 

that their temperature is well established. However, the method is rather 

time-consuming, usually generates a limited number of experimental data, 

and processes occurring in samples in various temperature intervals may not 

be observed. Obviously, a proper detection of sudden thermal length 

changes requires a large set of measurement data within the temperature 

interval where the changes take place. On the other hand, the linear heating 

method does not have these drawbacks. Its main disadvantage is that values 

of the thermal strain and, thus, of the linear thermal expansion coefficient 

correspond to temperatures slightly shifted with respect to the measured 
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temperature. Nevertheless, the shift may be estimated, for example, if the 

dependence of thermal diffusivity coefficient on the temperature is known. 

Using concrete samples of the same dimensions with various ceramics 

content, we demonstrated that the linear heating method for the 

measurement of the linear thermal expansion coefficient can be very 

convenient because it detects thermal changes of sample dimensions 

practically continually, thus allowing one to observe the associated thermal 

processes. Moreover, the obtained experimental results should be more 

precise than in the isothermal heating method because the latter usually 

employs only a limited number of measured data on the thermal strain and 

there is a strong dependence of the linear thermal expansion coefficient on a 

fitting function. Finally, the higher is the rate of the linear heating, the 

bigger is the difference between the measured temperature and the real 

temperature in the sample. Therefore, by decreasing the heating rate in the 

linear heating method the measured data approach the real values of linear 

thermal expansion coefficient. 

 

5. Use of other thermal analyses in the civil engineering 

For a study of processes occurring in the condensed state of materials and 

mutual reactions of the sample with the cleaning gas, the differential 

scanning calorimetry and thermogravimetry are very useful. 

The differential scanning calorimetry (DSC) is a method in which one 

measures the difference in the power (heat flow) required to equally 

increase the temperature of a sample and a reference material as a function 

of temperature or time. Both the sample and reference material are exposed 

to the same controlled temperature program in a specific atmosphere. 

Thermal reactions, such as hydration and pozzolanic reaction in a concrete, 

decomposition of calcite, phase transformations, sublimation, reduction, 

desorption, absorption, and vaporization, can be measured by this method. 

The thermogravimetry (TG) is a method where the mass change of a sample 

as a function of temperature or time is measured. Thermal reactions which 

are accompanying the mass change, such as the decomposition of 

portlandite or calcite, can be measured by thermogravimetry. 
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