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Summary

Micromechanical analysis is becoming a common tool for the analysis of heterogeneous
materials. This habilitation lecture summarizes theoretical background and, above all, the
application of micromechanics to the group of silicate materials. Portland cement and
alkali-activated fly ash are considered as two distinct representatives of a silicate binder.

Chapter 1 introduces silicate materials and their role as a binder. Oxide composition
gives an overview of suitable area of Ca-rich and Ca-low compositions.

Chapter 2 shows a multiscale nature of silicate materials and separates them in four
scales. Volumetric models for hydrating Portland cement and alkali-activated fly ash are
introduced. The spacial and discrete hydration model CEMHYD3D is briefly discussed.

Chapter 3 demonstrates the application of homogenization methods to elasticity and
viscoelasticity (creep). Nanoindentation provides intrinsic elastic properties of constituents.
Sensitivity analysis for Portland cement gives an impact of input parameters for elastic-
ity. The extension from cement paste to the level of concrete is demonstrated on a few
examples; either in one material point or in Gaussian points of FEM. The chapter closes
with the micromechanical identification of C-S-H creep properties during basic creep of
two-year old cement paste.
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Souhrn

Mikromechanická analýza se stává běžnou součást́ı analýzy heterogenńıch materiál̊u.
Tato habilitačńı přednáška shrnuje teoretické pozad́ı a předevš́ım aplikaci mikromechaniky
na skupinu silikátových materiál̊u. Portlandský cement a alkalicky aktivovaný poṕılek jsou
uvažovány jako dva rozd́ılńı zástupci sikilátových pojiv.

Kapitola 1 uvád́ı silikátové materiály a jejich roli jako pojiva. Složeńı z hlediska oxid̊u
ukazuje vhodnou oblast at’ už bohatých či chudých na vápńık.

Kapitola 2 ukazuje v́ıceúrovňovou povahu silikátových materiál̊u a rozlǐsuje čtyři úrovně.
Jsou ukázány objemové modely pro hydratuj́ıćı portlandský cement a alkalicky aktivo-
vaný poṕılek. Dále je krátce pojednáno o prostorovém a diskrétńım hydratačńım modelu
CEMHYD3D.

Kapitola 3 ukazuje aplikaci homogenizačńıch metod na elasticitu a viskoelasticitu
(dotvarováńı). Nanoindentace poskytuje charakteristické elastické vlastnosti pro jed-
notlivé chemické složky. Citlivostńı analýza pro portlandský cement ukazuje na roli jed-
notlivých vstupńıch parametr̊u pro elasticitu. Rozš́ı̌reńı z cementové pasty na úroveň
betonu je ukázáno na několika př́ıkladech: bud’ na meteriálovém či Gaussově bodě v
metodě konečných prvk̊u. Kapitola se uzav́ırá mikromechnaickou identifikaćı parametr̊u
dotvarováńı C-S-H v saturovaném prostřed́ı vodńı páry (basic creep) na vzorku starém
dva roky.
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2 Description of microstructure evolution

Concrete manufactured from Portland cement and alkali-activated fly ash belong to
a group of multiscale materials. Separation of characteristic length scales significantly
simplifies the analysis. Each scale contains dominant chemo-physical phenomena which
are identified and analyzed

gel level typically spans the characteristic length between 10 nm – 1 µm,

• Two morphologies of C-S-HLD and C-S-HHD were found [Bernard et al., 2003],
• N-A-S-H gel in alkali-activated materials with a strong effect of syneresis,

micrometer level is found on the scale between 1 µm and 100 µm,

• Clinker minerals, gypsum, portlandite, homogenized C-S-H and some capillary
porosity are present [Bernard et al., 2003],

• Unreacted fly ash, mullite, vitreous silicates, and slags can be distinguished

mortar level is considered on the scale between 1 mm and 1 cm. The matrix is made
from the binder surrounded by fine aggregates. Transition zone appears on the
interface in the thickness 0 – 50 µm. Entrained air voids may be found too,

concrete level spans the characteristic length of 1 cm – 1 dm. Mortar, coarse aggregates
such as gravel, associated ITZ, and entrapped air are typically identified.

Fig. 2 shows different morphologies at the micrometer level. While C-S-H gel forms
in the vicinity of cement grains by a precipitation process, N-A-S-H gel origins from the
solution by a polycondensation reaction.

Figure 2: Microstructure of cement paste (left) and alkali-activated fly ash (right). Note
a transition zone around a fiber in the cement paste (images by L. Kopecký).

2.1 Volumetric representation

The first coherent and quantitative model for the hydration of cement was deduced
by T.C. Powers and his co-workers from data based on water adsorption isotherms [Pow-
ers and Brownyards, 1948]. Powers has already distinguished capillary, gel and non-
evaporable water. Knowing the degree of hydration (DoH) or indirectly the fraction of
non-evaporable water, the volumetric fractions of cement gel, gel water, non-evaporable
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Any model of a random system brings two sources of error: statistical fluctuation and
finite size effect [Garboczi and Bentz, 2001]. Statistical error emerges in any random
system due to its representation, e.g. small dimensions of a cement paste. Finite size of
RVE captures only a limited piece of material which means that the sample may not be
statistically representative. This problem may be properly addressed, when the RVE is
compared to a sufficiently large RVE.

A loose microstructure would be more susceptible to the RVE size due to lower sta-
tistical isotropy. The authors of the CEMHYD3D models suggest minimal size of 100 ×

100 × 100 µm [Garboczi and Bentz, 2001]. Five random realizations were generated for
each RVE size and degrees of hydration plotted for w/c = 0.25 and 0.5, Fig. 5. Ordinary
Portland cement was used [Kamali et al., 2004]. It becomes clear that 50 × 50 × 50 µm
suffices for a general analysis.
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Figure 5: Degree of hydration at five random realizations for each RVE size, w/c = 0.25
(left) and w/c = 0.5 (right).

3 Micromechanical analysis

Micromechanical analysis allows to predict properties from a lower scale (upscaling) or
to identify properties of a certain constituent from a higher scale (downscaling). A series
of homogenization steps may bridge several levels and this approach will be exemplified to
arrive at elastic properties of concrete. Several methods used in this work can accomplish
the micromechanical analysis

analytical methods require typically volume fractions and intrinsic properties of con-
stituents

• Mori-Tanaka scheme assumes a matrix filled with inclusions [Mori and Tanaka,
1973],

• self-sonsistent scheme assumes that matrix and inclusions are indistinguishable
[Hill, 1965],

numerical methods requiring, in addition, knowledge of spatial distribution of phases
and specifying the type of boundary condition

• Finite element method (FEM) solving static equilibrium equations [Šmilauer
and Bittnar, 2006],
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• Fast Fourier transform (FFT)-based method allowing only periodic boundary
conditions [Moulinec and Suquet, 1994].

3.1 Elasticity

In the case of elasticity, intrinsic elastic properties of phases must be acquired, typically
by a nanoindentation technique, Tab. 1. Complete list of phases is available [Bernard
et al., 2003, Šmilauer and Bittnar, 2006].

Phase Young’s modulus [GPa] Poisson’s ratio [-]
C3S 135±7 0.3
C2S 130±20 0.3
C3A 145±10 0.3
C4AF 125±25 0.3
CH 38±5 0.305
C-S-HLD 21.7±2.2 0.24
C-S-HHD 29.4±2.4 0.24
Fly ash 84.7± 6.6 0.2
N-A-S-H gel 30.9± 4.7 0.25
Watera 10−3 0.499924
Empty pore 10−3 10−3

Table 1: Intrinsic elastic properties of dominant chemical phases as measured by nanoin-
dentation. Results for cement paste and alkali-activated fly ash.
a water bulk modulus 2.19 GPa

Fig. 6 gives the results of analytical and numerical homogenization technique for sili-
cate materials. Two-level analytical homogenization procedure starts at the level of C-S-H
and the upscaled results are transferred to the level of cement paste. Volume fractions
correspond to Fig. 3 with w/c = 0.4 [Boumiz et al., 1996]. Mori-Tanaka and the self-
consistent scheme are employed. In addition, the results from FFT-based homogenization
on 75 × 75 × 75 µm are shown for a comparison. Homogenization of alkali-activated fly
ash follows only analytical methods due to the lack of spatial distribution of phases.

Figure 6: Homogenization of cement paste (left) and alkali-activated fly ash (right) by a
two-level analytical or FFT-based homogenization method.
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The type of boundary conditions controls the overall response resulting in different
effective elastic properties. Fig. 7 demonstrates the effect of capillary porosity on the
Young modulus. Cement paste with w/c = 0.25 is hydrated to 30 % (porosity fraction
0.25) and than to 62 % (porosity fraction 0.05). High porosity fraction in the less hy-
drated cement leads to a large scatter with regards to imposed boundary conditions [Kanit
et al., 2003]. Periodic boundary conditions yield the most stable effective values when the
microstructure size changes.

Figure 7: Effect of static, kinematic and periodic boundary conditions. Cement paste
w/c = 0.25 hydrated to 30 % (left) and 62 % (right).

Combination of the hydration model and elastic homogenization allows to explore
sensitivity of input parameters for the effective elastic properties. Tab. 2 summarizes the
ranges of input parameters. The values were selected based on [Taylor, 1990] which are
typical for Portland cements used today worldwide.

Parameter Units Minimum Maximum
Blaine fineness [m2/kg] 200 600
Gypsum content [cement vol. fraction] 0 0.1
Autocorrelation file num. - 0 9
C3S [cement mass fraction] 0.4 0.8
C2S [cement mass fraction] 0 0.35
C3A [cement mass fraction] 0 0.15
C4AF [cement mass fraction] 0 0.15
W/c - 0.2 0.6
Curing condition regime - 0-saturated 1-sealed

Table 2: Range of input parameters used in the sensitivity analysis

Determination of Young’s modulus is based on linear elastic homogenization, utilizing
FFT method on percolated periodic microstructures [Šmilauer and Bittnar, 2007]. The
computational volume from CEMHYD3D is sampled to a grid of 50 x 50 x 50 Fourier
points. The numerical FFT homogenization is an iterative procedure

ε
k+1(x) = ε

k(x) −

∫

V

Γ
0(x − x

′)σk(x′)dx
′, (1)
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where k is an iteration cycle, Γ
0 represents the translation invariant Green operator asso-

ciated with arbitrary chosen reference medium [Moulinec and Suquet, 1994]. The average
time consumption for one FFT-based homogenization is around 10 minutes on 3.2 GHz
CPU with 50 × 50 × 50 Fourier points.

Fig. 8 shows the stochastic statistical sensitivity between input parameters and ho-
mogenized Young’s modulus determined from 200 random realizations. W/c ratio is the
only governing parameter, followed by cement fineness. Obviously, lower w/c means lower
capillary porosity at the same degree of hydration. The role of fineness can be explained
by more uniform distribution of stiff cement grains and hydration products; more homo-
geneous composites with the same volume fractions are known to exhibit higher stiffness.
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Figure 8: Correlation between input parameters and Young’s modulus at two degrees
of hydration and two hydration times.

The data the from sensitivity analysis can be approximated with analytical power
function. The function should match the asymptotes and take into account limit values,
such as a percolation threshold at a low hydration degree. The solid percolation threshold
was found previously to be the function of w/c [Šmilauer and Bittnar, 2007]. The evolution
of Young’s modulus against degree of hydration should be concave in all cases. The
following equations, valid in the range 0.2 ≤ w/c ≤ 0.6, were obtained by nonlinear
fitting to equally-weighted points

Young′s modulus [GPa] = a(DoH − DoHp)
b
≥ 0.0, (2)

DoHp = 0.0485 w/c, (3)

a =
1

0.14 w/c1.35
, (4)

b = 2.15 w/c − 0.08, b ≤ 1. (5)

The coefficient a expresses the asymptotic Young’s modulus at complete hydration (in
fact total hydration does not occur below w/c = 0.36 [Hansen, 1986]). For example, the
limits follow a = 62.4 GPa at w/c = 0.2 and a = 13.56 GPa at w/c = 0.6. The coefficient
b quantifies the concavity which is known to be higher in lower w/c, i.e. the Young’s
modulus progresses faster in a lower DoH regardless on a. Coefficient b is limited by 1.
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The maximum Young’s modulus from all considered Portland cement pastes can attain
approximately 50 GPa for w/c = 0.2. For this particular case, the maximum degree of
hydration is 0.55. The stiffness in low w/c is high due to large amounts of unhydrated
clinker minerals, with greater contribution than the amount of formed C-S-H filling up
the capillary porosity. The correlation coefficient between Eq. (2) and the data yields
0.986 and the plot for different degrees of hydration is displayed in Fig. 9.
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Eqs. (2)-(5).

3.1.1 Extension to the level of concrete

The transition of homogenized elastic properties among levels and applied homog-
enization schemes are described in Fig. 10. Elastic homogenization is based solely on
analytical approach. Adopted methodology is very efficient in terms of time consumption
and reasonable accuracy of results [Šmilauer, 2006].

The level of cement paste captures the effect of secondary cementitious material
(SCM), inert filler and entrained air. All mentioned phases are present in minor amount,
therefore Mori-Tanaka scheme considers reference phase as the virgin cement paste.

Mortar level is homogenized via Hervé-Zaoui scheme [Hervé and Zaoui, 1993], where
fine aggregate represents the most inner spherical inclusion. It is surrounded with the
fraction of ITZ with reduced Young’s modulus to the half of that from cement paste
level. Poisson’s ratio remains unchanged. The third concentrical shell is represented by
the cement paste and all these three phases are embedded in an unknown medium whose
properties are determined. Homogenization of concrete follows the same approach as in
the mortar level. The results for concrete [Lee et al., 2004] with w/c = 0.27 and 0.5 are
displayed in Fig. 11 and are in reasonable agreement with experiment.

Fig. 12 shows further extension of homogenization from a material point to Gaussian
points on a 2D cross section. The figure displays casting of a beam on an old slab on
a new railway scaffold bridge in Prague. The maximum beam width was 1.65 m and
height 2.15 m. Eight 50 × 50 × 50 µm microstructures of cement paste formed the basis
of elastic homogenization. Whole beam simulation took 68 minutes on 3.2 GHz PC and
occupied 19 MB of RAM. Calculations covered 10 days of hydration.
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Figure 12: Young’s modulus of concrete at 46 hours after casting.

3.2 Identification of C-S-H creep

It has been recognized that creep of cement paste is attributed dominantly to C-S-H
phase. Unfortunately, C-S-H can not be prepared synthetically on the macroscopic scale
hence the viscous properties must be obtained either on the submicron scale or by means
of inverse analysis. Although nanoindentation testified a short-term C-S-H creep, the
holding period can not last longer than a few minutes due to device stability. Therefore,
the long-term quantification of C-S-H creep has to rely solely on the inverse analysis.

If creep is assigned dominantly to C-S-H phase, the constitutive law must have the
same structure as for concrete or cement paste. Constitutive law of B3 model allows to
capture aging and irreversible creep in the form [Bažant and Baweja, 2000]

J(t, t′) = q1 + Cv(t, t
′) + q4 ln

(

t

t′

)

(6)

Cv(t, t
′) =

∫ t

t′
v−1(t)Ċg(τ − t′) dτ =

∫ t

t′
v−1(t)

n(τ − t′)n−1

λn
0 + (τ − t′)n

dτ (7)

v−1(t) =

[

q2

(

λ0

t

)m

+ q3

]

(8)

To simplify the analysis and the identification of unknown parameters, only basic creep
is taken into account. FFT-based homogenization method is extended for viscosity using
continuous retardation spectrum and exponential algorithm [Jirásek and Bažant, 2002].

The first question coming to the mind is the reversibility of creep. Let us reconstruct
an experiment of two-year old cement paste with w/c = 0.5 [Beaudoin and Tamtsia, 2004].
The specimens were simultaneously in the process of drying to the RH of 96 %. Param-
eters q1, q3, q4, λ0, n have to be identified for the C-S-H creeping phase in Eqs. (6)-(8).
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Parameter q4 quantifies the irrecoverable flow strain which can be determined from un-
loading, independently of the other parameters of mature paste. Parameters q1 and q3

are in fact related through nano-indentation data, but are subjected to a certain range of
uncertainty, limited by the creep attained.

Two RVEs 10 × 10 × 10 and 50 × 50 × 50 µm of cement paste were generated
using CEMHYD3D model. The fitting to experimental data yields q1 = 0.0381 1/GPa,
q3 = 0.040 1/GPa, q4 = 0.002 1/GPa, λ0 = 1 day, and n = 0.25. Fig. 13 shows assigned
viscoelastic behavior to C-S-H, in addition without flow term (q4 = 0) to illustrate the
effect of irrecoverable creep part. An arrow points to the time when indentation modulus
is typically evaluated. The RVE size 50 × 50 × 50 µm is obviously sufficient and the
response does not differ from 10 × 10 × 10 µm, Fig. 13. The concurrence is attributed
to a weak heterogeneity due to well hydrated cement paste with the absence of large
unhydrated cement grains.
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Figure 13: Compliance assigned to C-S-H (left), for comparison without the flow term
(q4 = 0). Measured total strain of two-year old cement paste (right) with simulated strain
for two microstructure sizes.

4 Conclusions

Micromechanics brings significant benefits for the prediction of elastic properties in
multiscale silicate materials such as concrete. Validation shows reasonable agreement at
the level of cement paste and concrete. Virtual laboratory quantified statistical sensitivity
for Young’s modulus and w/c was found to be the only governing parameter.

For the first time, micromechanical inverse analysis quantified parameters of a consti-
tutive law for C-S-H. The simulation reveals that C-S-H must exhibit a slower decay of
creep rate with time than does the cement paste or concrete.

Acknowledgement

The formulation and validation of multiscale model were supported by the Ministry
of Education, Youth and Sports under the project MSM 6840770003 - Algorithms for
computer simulation and application in engineering. Fruitful discussions with professors
and colleagues, in particular Z. Bittnar, J. Zeman, T. Krejč́ı, J. Kruis, T. Koudelka,
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[Šmilauer, 2006] Šmilauer, V. (2006). Elastic properties of hydrating cement paste deter-
mined from hydration models. PhD thesis, ČVUT in Prague, Faculty of Civil Engineer-
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odborný asistent

2000-2003 Di5 s.r.o., architektonicko-projekčńı kancelář, statika
budov

Pedagogická

praxe

Přednášky z předmět̊u: Metoda konečných prvk̊u (10+20),
Stavebńı mechanika (10)

Cvičeńı z předmět̊u: Pružnost, pevnost (10+20), Metoda
konečných prvk̊u (10+20), Stavebńı mechanika (1+10+20), Dy-
namika stavebńıch konstrukćı (10), Přetvářeńı materiál̊u (10)

Spolupod́ılel se na zavedeńı předmětu Mikromechanika a popis
mikrostruktury materiál̊u, garant Ing. J. Němeček, Ph.D.
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činnost
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tivovaných materiál̊u, jejich dotvarováńı, poč́ıtačové simulace
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Publikace Za posledńıch pět let autor monografie, osmi odborných článk̊u
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