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Summary. In this talk we outline the unifying approach to semantics of infinite behaviour
by means of completely iterative algebras. We show that there is a natural coherence result
connecting the uininterpreted and interpreted semantics.
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Souhrn. V této přednášce nast́ıńıme jednot́ıćı př́ıstup k sémantice nekonečného chováńı
pomoćı úplně iterativńıch algeber. Ukážeme existenci přirozené koherence interpretované
a neinterpretované sémantiky.
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1 Introduction

The present lecture is devoted to various approaches of defining the semantics of recursive
concepts. Recursive definitions are a standard means in modern mathematics and com-
puter science since they allow a neat description of a possibly very complicated behaviour.
Besides this advantage, however, we are left with the question of semantics : what is the
meaning of our recursive specification and how should we interpret it?

Historically two approaches to the above question have been developed. In order to
illustrate them, let us consider the following recursive specification

fac(n) = ifzero n then 1 else n ∗ fac(n − 1 ) (1.1)

specifying the factorial function.
There are two, seemingly very different, points of view of the meaning of the above

specification:

1. Interpreted Semantics : this means that various “parts” of the above recursive spec-
ification are already interpreted in an existing mathematical structure. Here, the
natural interpretation would be that n is a natural number, 1 is the number “one”,
∗ denotes multiplication of natural numbers, etc.

The interpreted semantics of a factorial function is then constructed as a lowest
upper bound of a chain of partial functions on natural numbers that give us “better
and better” approximations of factorial function:

f0 is undefined everywhere

f1(0) = 1, f1 is undefined otherwise

f2(0) = 1, f2(1) = 1, f2 is undefined otherwise

f3(0) = 1, f3(1) = 1, f3(2) = 2, f3 is undefined otherwise

f4(0) = 1, f4(1) = 1, f4(2) = 2, f4(3) = 6, f4 is undefined otherwise
...

There is a precise description how to construct the above approximations and a
precise sense in which the sequence “converges” to the factorial function — this is
covered by the famous fixed-point theorem for complete posets proved by Alfred
Tarski in 1955.

A general feature of classical interpreted semantics is, then, to have an algebraic
structure (here, the algebra of natural numbers) that at the same time bears an
additional approximation structure (here, the structure of a complete poset on par-
tial functions) in order to be able to form a “limit” of “finite approximations” that
delivers the meaning of the recursive specification in question.

Let us remark that, in concrete examples, one can use other approximation struc-
tures than complete posets: for example, one can work with complete metric spaces
and use the famous fixed-point theorem of Stefan Banach.

2. Uninterpreted Semantics of equation (1.1) would be purely syntactical: we “unfold”
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equation (1.1) to obtain an infinite tree

ifzero

n 1 ∗

ifzero n

n− 1 1 ∗

ifzero n− 1

n− 2 1 ∗

ifzero n− 2

tttttt

JJJJJJ

tttttt

JJJJJJJJ

ttttt
JJJJJJ

tttttt

JJJJJJJ

ttttt
JJJJJJ

tttttt

JJJJJJJ

(1.2)

and say that this tree is the semantics of (1.1). This uninterpreted approach has the
advantage that one sees the meaning of a recursive specification immediately but
we are left with the following question: where does the above tree “live”? Is there
some algebraic structure again? If yes, how does one describe this structure?

We show below that in all “reasonable” situations the above two approaches are in fact
two sides of one coin: the syntactic approach deals with algebras of infinite terms whereas
in the interpreted case we deal with general algebras that allow computations of infinite
terms. As such, the situation is very similar to the case of classical universal algebra:
algebras of (finite) terms are “syntactic models” of an algebraic specification and general
algebras allow “interpreted semantics”.

In the sequel we will stick to very easy examples from traditional mathematics. What is
crucial, however, is the fact that one can apply the same methods to examples (alas, more
complicated) of “everyday” programming. This is important: we want to give an overview
of methods that allow us to define semantics of constructs known from programming. Such
methods necessarily need to be formal: in the ideal case in programming one should verify
the semantics of recursive constructions by executing formal tools. Moreover, we want to
show that there is a theory of semantics that is independent of sets: the carriers of algebraic
structures need not be “plain” sets but rather objects of a general category. This, of
course, requires to change the “set-biased” way of thinking about recursive specifications.
Such a change of paradigm can be done rather harmlessly and results in a conceptually
clean description, in fact, in the following text we advocate the following algebra-coalgebra
connection:

1. Recursive specifications are certain coalgebras in an ambient category,

and

2. semantic domains are algebras in the same category that allow solutions of recursive
specifications.

Before we will be able to clarify what we mean by that we give a brief account of methods
that have been used to give semantics of non-recursive specifications . The reason is, as
we will see, that the semantics of recursive specifications is in a certain sense dual to the
semantics of non-recursive behaviour.
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2 Algebraic Specification

The mathematical discipline called universal algebra as a study of sets endowed with oper-
ations possibly subject to equations dates back to 1890’s. The main goals and techniques
of this discipline however were formulated only in 1930’s by Garrett Birkhoff. It took
another thirty years before the relevance of universal algebra to programming has been
recognized in the discipline known as algebraic specification.

Example 2.1. We want to study a datatype whose models consist of a set equipped with
a “multiplication” (satisfying no axioms at all) and an interpretation of elements of a
fixed set A (a set of “external constants”).

Such a datatype can be specified as follows:

spec DATATYPE[A] is

sorts: object

operations: interpr(_): A --> object

(_) multipl (_): object,object --> object

endspec

Thus, models of our datatype are simply triples 〈X, ?X , f〉 where X is a set, ?X :
X × X −→ X is a binary operation on X and f : A −→ X is an interpretation of
elements of A in X.

Given two such models, on sets X and X ′, a mapping h : X −→ X ′ is called a
homomorphism if it respects both the binary operations and the interpretations.

Homomorphisms therefore serve as “interpretations of one model in another”.
Models and homomorphisms can be described more compactly, if we “wrap up” ?X

and f together into a single mapping

a : (X ×X) + A −→ X

(having ?X and f as components).
What is the intended meaning of DATATYPE[A], i.e., which model is “the best”? In

algebraic specification, this is called the initial semantics , i.e., we choose the model that
can be uniquely interpreted in every other model. Stated formally, the initial seman-
tics is a model on set FA such that for every other model on X there exists a unique
homomorphism from FA to X.

It is easy to describe the set FA in our concrete example: it is the set of all finite
terms that are made out of elements of A by “multiplying freely”.

The above process can be performed rather generally: the assignment X 7→ X×X can
be replaced by any assignment X 7→ HX that “extends well” to mappings, i.e., one also
has an assignment h 7→ Hh for every mapping h : X −→ X ′ satisfying natural axioms

HidX = idHX H(h′ ◦ h) = Hh′ ◦Hh

for every set X and every pair h, h′ of composable maps. Such an H is called a functor
(on sets).

If we fix a set A, we study then algebras consisting of a set X and a mapping

a : HX + A −→ X (2.1)
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and their homomorphisms , i.e., mappings h : X −→ X ′ making the square

HX + A
Hh+A //

a

��

HX ′ + A

a′

��

X
h

// X ′

(2.2)

commutative.
The initial semantics is then an algebra iA : HFA+A −→ FA with the property that

for every algebra a : HX + A −→ X there is a unique a[ : FA −→ X making the square

HFA + A
Ha[+A //

iA
��

HX + A

a

��

FA
a[

// X

(2.3)

commutative.
The nature of FA is again that of “H-terms” on A in a precise sense of category

theory.
The above process clearly has nothing to do with sets: one can start with H in

an abstract category and mild side conditions then guarantee the existence of initial
semantics.

3 Coalgebras

In this section we introduce the behavioural view of recursive specifications that leads
directly to the uninterpreted semantics.

We choose the recursive equation

x =
1

2
cos x

to explain the basic idea of the behavioural view: we read the equation from left to right
with x as a “query” having 1

2
cos x as an “answer”. This suggests that we observe a

behaviour of a system having an infinite set of states

x,
1

2
cos x,

1

2
cos(

1

2
cos x), . . .

and a state s has 1
2
cos s as its next state.

Let us see a slighly more complicated example of a system.

Example 3.1. Suppose Σ is a signature consisting of a single binary operation symbol ?
and let A be a fixed set.

For every set X we denote by HΣX the set X ×X and we think of HΣX as of the set
of Σ-terms on X of depth ≤ 1, i.e., a pair (x, x′), x, x′ ∈ X, is identified with (x ? x′).

A mapping
e : X −→ HΣX + A

then encodes very naturally a recursive specification as follows: we are given a system of
equations

x = e(x), x ∈ X
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and the right-hand side e(x) of the x-th equation is either an element a ∈ A (i.e., such
an equation specifies no recursive behaviour), or an element (x′, x′′) ∈ HΣX (in this case,
recursive behaviour is present).

To see an example of such an e, let X = {x, y} and A = {a} and let e : X −→ HΣX+A
be given as

e(x) = (x, y), e(y) = a (3.1)

or, written more suggestively, as

e(x) = x ? y, e(y) = a

“Unfolding” the above system of recursive equations results in the following two trees

x† =

?

? a

? a

����

////

����

//// y† = a

that are the semantics of the infinite behaviour specified recursively in (3.1).
This suggests that the semantics of recursive specifications of the form e : X −→

HΣX + A are systems of (finite or infinite) Σ-trees. Before we will be able to state it
more precisely, let us observe the natural candidates for homomorphisms of recursive
specifications. Given e : X −→ HΣX + A and e′ : X ′ −→ HΣX ′ + A, a mapping
h : X −→ X ′ is a homomorphism (from e to e′), if the following square

X
h //

e

��

X ′

e′

��

HΣX + A
HΣh+A

// HΣX ′ + A

(3.2)

commutes, where HΣh sends (x ? x′) to (h(x) ? h(x′)). Chasing the elements around the
above square we obtain the following behavioural meaning of a homomorphism: e′ can,
by means of h, simulate the recursive behaviour specified by e.

The above example suggests that recursive behaviour can be studied by gadgets of the
form

e : X −→ HX + A

where H is a functor. Such gadgets are called coalgebras since they are formally dual to
algebras (see (2.1)) and in our context they we will also call them flat recursive specifi-
cations . Homomorphisms from e : X −→ HX + A to e′ : X ′ −→ HX ′ + A are those
mappings h : X −→ X ′ making the following square

X
h //

e

��

X ′

e′

��

HX + A
Hh+A

// HX ′ + A

commutative (compare with (2.2)).
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Now comes the crucial part: what if we make a dual of (2.3), i.e., what if we require
the existence of a coalgebra αA : TA −→ HTA + A such that for every coalgebra e :
X −→ HX + A there is a unique e] : X −→ TA making the square

X
e]

//

e

��

TA

αA

��

HX + A
He]+A

// HTA + A

(3.3)

commutative?
This is the so called final semantics of recursive specifications: one can prove that (if

it exists) each TA can be viewed as a “set of finite and infinite terms on A” in a certain
precise sense.

In the case of one binary operation the set TA has the following description (see
Example 3.1):

Example 3.2. For HΣX = X × X, it can be proved that the above αA : TA −→
HΣTA + A exists for every A and it has the following description: elements of TA are
(finite and infinite) ?-terms visualized as finite and infinite binary trees with leaves labelled
in the set A, αA : A −→ TA interprets every element of a ∈ A as a one-node tree (labelled
with a) and τA : HΣTA −→ TA sends a pair (t1, t2) of trees to (t1?t2). The square (3.3) is
then a Solution Theorem — the unique mapping e] : X −→ TA picks up, for every x ∈ X,
a unique tree e](x) ∈ TA that solves the x-th equation of the flat recursive specification
e : X −→ HX + A.

As an example, consider the recursive specification (3.1) again. Then the diagram

X
e]

//

e
��

TA

αA

��

HΣX + A
HΣe]+A

// HΣTA + A

[τA,ηA]

OO

expresses precisely the solution of e. To see it, consider elements of X = {x, y}: we obtain
equations

e](x) = e](x) ? e](y), e](y) = a

that state precisely that e](x) and e](y) solve the system (3.1).

Therefore, the square (3.3) provides us with the uninterpreted semantics of recursive
behaviour.

4 Interpreted Semantics

In this section we show that a slight modification of the square (3.3) for final semantics
allows us to treat interpreted semantics in the same manner as the uininterpreted one.
The modification we have in mind is the following: redraw the square

X
e]

//

e

��

TA

αA

��

HX + A
He]+A

// HTA + A
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using the mappings ηA : A −→ TA and τA : HTA −→ TA as follows:

X
e]

//

e

��

TA

HX + A

HX+ηA

��

HX + TA
He]+TA

// HTA + TA

[τA,A]

OO

(4.1)

The crux of this juggling lies in the fact that we now may try to swap the mapping
τA : HTA −→ TA for a general mapping b : HB −→ B and require the following

For every e : X −→ HX + B there exists a unique e† : X −→ B making the
following diagram

X
e† //

e

��

B

HX + B
He†+B

// HB + B

[b,B]

OO

(4.2)

commutative.

The general mapping b : HB −→ B then states that terms of depth ≤ 1 can be interpreted
in B and the property (4.2) demands that every flat recursive specification e has a unique
solution e† in B.

Mappings b : HB −→ B with the above property (4.2) are called completely iterative
algebras (CIAs , for short). Every CIA b : HB −→ B then comes equipped with a
canonical map

b̂ : TB −→ B

that allows to compute all terms in B. This map is defined by b̂ = αB
† from the instance

of (4.2):

TB
αB

†
//

αB

��

B

HTB + B
HαB

†+B
// HB + B

[b,B]

OO

Moreover, we obtain immediately the Coherence Theorem stating that, given a CIA b :
HB −→ B and a recursive specification e : X −→ HX + B, the interpreted semantics
e† : X −→ B coincides with the canonical interpretation of the uninterpreted semantics ,
i.e., that the diagram

X
e]

//

e

��

TB
αB

†
//

αB

��

B
ED��GF

e†

HX + B
He]+B

// HTB + B
HαB

†+B
// HB + B

[b,B]

OO

BCOO@A
He†+B

commutes.

12



The conclusion is then the following: every CIA b : HB −→ B is then a suitable
semantics domain for recursive specifications of the form e : X −→ HX + B. The
interpreted semantics e† : X −→ B is then the uninterpreted semantics e] : X −→ TB
followed by the canonical computation function b̂ : TB −→ B.

5 Conclusion

We indicated that the coalgebraic-algebraic approach to recursive specifications offers
a unifying frame that allows one to treat recursive specifications and their semantics
independently of sets. This approach had already allowed to give semantics of recursive
program schemes , see [MoMi] by Larry Moss and Stefan Milius.

We emphasize now the main features and possible future developments of the approach
presented in this lecture:

1. Independence of sets: besides from the study of recursive program schemes men-
tioned above, the technique allows one to define and study the algebra of algebraic
trees that appear naturally in programming applications, see the paper [C] of Bruno
Courcelle.

2. The same technique can be used to study finitary recursive specifications in a more
general setting than “plain” sets, see [AMV1] by Jǐŕı Adámek, Stefan Milius and the
current author. Finitary recursive specifications have their importance in practice.
In the cited paper main properties of the resulting algebra of rational trees have
been proved in a rather general setting.

3. Beside “full” recursion treated in this lecture, one can a priori restrict certain vari-
ables that may enter the recursion and studied parametrized recursive specifications.
The first steps in this direction have been made in [AMV2].

4. Algebras that allow solutions of all recursive specifications have been studied by
Stepen Bloom and Zoltán Ésik in [BÉ]. Recently, the existence of algebras that
allow the so called strict solutions of recursive specifications have been studied
by John Mersch [Me] and by Jǐŕı Adámek, Stefan Milius and the current author
in [AMV3].

6 Historical Comments

The fixed-point theorems that allow “classical” interpreted semantics are due to Stefan
Banach (the case of complete metric spaces, [Ba]) and Alfred Tarski (the case of complete
posets, see [Ta]).

The main goals of universal algebra were formulated by Garret Birkhoff in [Bi] and
their categorical couterparts by William Lawvere in [L]. The relevance of universal algebra
(and most of all of the initial semantics) to computer science was emphasised by various
authors in the late 1960’s, for an overview see, e.g., the books [AT] and [W].

The pioneering work of Calvin Elgot and his collaborators, [E], [BE], [EBT], in the
field of recursive equations cannot be overestimated. In the abovementioned three papers
iterative theories were introduced in order to avoid additional approximation structure
as, e.g., metric spaces or partial orders traditionally used in models of infinite behaviour,
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see, e.g., [AR] or [SP]. The language Elgot et al. used is the language of universal algebra
and the techniques are rather refined.

After the work of Peter Aczel on antifoundation axiom in set theory, see [A], it grad-
ually became clear that recursively defined objects are best seen as coalgebras. The
summary of the state-of-art on “self-referential” objects in set theory and elsewhere in
the mid-1990’s is presented in the monograph [BM], see also Jan Rutten’s paper [R] for
coalgebraic description of systems arising naturally in computer science.

When Peter Aczel gave talks during the summer school Algebraic and Coalgebraic
Methods in the Mathematics of Program Construction in Oxford in April 2000, the time
was ripe to formulate the fascinating properties of the algebra of infinite terms generally.
Indeed, the papers [Mo], [GLMP] and [AAMV] were written independently but almost
parallel in time.

The crucial point of recognizing the algebra-coalgebra connection and of introducing
completely iterative algebras (see [Mi]) is due to the inspiring work of Evelyn Nelson [N]
and Jerzy Tiurin [T].
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