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Summary

This lecture deals with the results on the local regularity of the suitable weak solutions
of the Navier-Stokes equations.

In the first section we present the definition of a weak solution and its basic properties.
We stress that the regularity of a weak solution is closely connected with the existence of
the singular points of this solution. Therefore, in the second section we define the notion
of a suitable weak solution. It is known that suitable weak solutions have only ”few”
interior singular points which opens the way to the effective study of the local regularity
of these solutions. The third section is devoted to the survey of some results of this type.
In the forth section we prove in more detail two criterions on local regularity of suitable
weak solutions based on the local regularity of two components of the vorticity vector and
local regularity of the pressure. In the last section we present two results on the boundary
regularity of suitable weak solutions.



Souhrn

Prednéska se zabyva prezentaci vysledku o lokélni regularité vhodnych slabych feseni
Navierovych - Stokesovych rovnic.

V prvni ¢asti definujeme pojem slabého feseni a diskutujeme jeho zdkladni vlastnosti.
Regularita slabého feSeni je tésné spojena s existenci singularnich bodu tohoto feseni. Ve
druhé ¢asti proto definujeme pojem vhodného slabého feseni. Je zndmo, ze vhodna slabé
feSeni maji pouze "mélo” singularnich bodu, coz otevira cestu k efektivnéjsimu studiu
lokalni regularity téchto feseni. Treti ¢ast je vénovana prehledu nékterych vysledku tohoto
typu. Ve c¢tvrté casti dokazujeme detailnéji dveé kritéria o lokalni regularité vhodnych
slabych feSeni zalozena na lokdlni regularité dvou slozek vektoru vitivosti a na lokalni
regularité tlaku. V posledni ¢asti prednésky pak uvadime dva vysledky tykajici se hrani¢ni
regularity vhodnych slabych feseni.
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1. Definition and some basic properties of weak solutions

Let Q = R? or Q be a bounded domain in R? with smooth boundary 9, let T > 0 and
Qr = Q x (0,T). Consider the Navier-Stokes initial-boundary value problem describing
the evolution of the velocity u(z,t) and the pressure p(z,t) in Qr:

0
(1) 6—1;—VAu+u-Vu+Vp:0 in Qr,
(2) divu=0 in Qr,
(3) u=0 ondQx (0,T)if Q is a bounded domain,
(4) uli=o = uo,

where v > 0 is the viscosity coefficient. The initial data wuy satisfy the compatibility
conditions uglsg = 0 and div ug = 0. Let us stress that the condition (3) does not apply
if O =R3.

In what follows, we use the standard notation for the Lebesgue and Sobolev spaces (L?
and W*?_ respectively) and for the corresponding norms (|| - ||, and || - |1, respectively).
To simplify the notation we often write [ f instead of [, f(x) dx or [ f(x) dx instead of
[ f(x,t) dz. We do not distinguish between (LP)™ and LP. The outer normal vector is
denoted by n. In the paper ¢ stands for a generic constant.

As is usual in the standard theory of the Navier-Stokes equations let us define D(2) =
{tp € C(Q);V -9 = 0in Q}, let L2(Q2) be the completion of D(2) in L*(2) and let
Wy2(92) be the completion of D(Q2) in W12(Q). Let us define also Dy = {p € CZ(Q x
0,7));V-p=0in Q2 x[0,7)}.

Definition 0.1. Let ug € L2(Q2). A measurable function u : Qp — R3 is called a
weak solution of the problem (1)-(4) if w € L*(0,T, W'*(Q)) N L>(0,T, L2(2)) and

T |: 6§0
u~——uVu-Vg0—u~Vu~g0} dxdt = — [ uo-¢(+,0) dx
0o Ja ot

Q
for all o € Dr.

Equivalent definitions can be found in [27] or [6].

The existence of weak solutions is generally known but their uniqueness and regularity
remain an open problem even in the case of smooth ug (for all these facts see e.g. [27]).
Having established a weak solution w, there exists a distribution p — the associated
pressure, so that the equation (1) holds in the sense of distributions in Q7.

It was proved in ([7], Theorem 3.1) that every weak solution u and its associated
pressure p have in fact these regularity properties:

(5)

for every 1 < s,q < oo and §+§ = 4, if the initial condition w is sufficiently smooth (see
(7], p.77). Moreover, the pressure p can be chosen in such a way that

ou
HEH V2]l q + | VD]lsq < 00,
S,q

(6) Ipl]s. < o0,
where s € (1,2), 7 € (3/2,3) and 2 + 2 =3 and
(7) IVulln,, < oo,

where %—i—%:?)and h,p>1.
Let us note that every weak solution u of (1)—(4) is a weakly continuous function
from [0,T) into L2(Q) (see [6], Lemma 2.2).
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A weak solution w is usually called a Leray-Hopf weak solution if the energy inequality
is satisfied, that is

t
lu(®)2 + 2 / IVu(s)|2ds < [luo2

for every t € [0,T]. It follows from the energy inequality that for every Leray-Hopf weak
solution wu

lim flu(t) — uoll2 = .

As an example of a Leray-Hopf weak solution can serve the weak solution constructed in
[27] (Theorem 3.1) by the Faedo-Galerkin method.

A stronger condition than the energy inequality is the so called strong energy in-
equality (see [6], (4.1)). We say that a weak solution u of (1)—(4) satisfies the strong
energy inequality, if

to
(8) lut)ll3 +2/ IVu(s)lizds < Jlu(ts)ll3
t1
for every ty € (0,7] and almost every 0 < ¢; < ts.
Let us present the following result (see [6], Theorem 6.1 or [27], Theorem 3.11).

Theorem 0.2. Let uy € Wolf(ﬂ) Then there exists T* € (0,T] and at least one
weak solution w of (1) - (4) such that

(9) w e L0, T Wy 2(Q)) N L*(0, T+ W*(Q),
Cv3

10 T > —

(10) NE

and C' depends only on ).

The weak solution u from Theorem 0.2 satisfies the energy inequality and is unique
in the class of Leray-Hopf weak solutions on (0,7™*) (see for example [6], Theorem 4.2).
If we were able to show that 7™ = T then it would meant that we have a unique regular
solution of (1)—(4) with the initial condition ug € WOIf(Q) on the whole interval (0, 7).
Hovewer, it is not known, whether the solution u from Theorem 0.2 is really from the space
L>(0,T; Wy () N L2(0, T"W?2(Q)). In fact the following possibility is not excluded:
there exists ty € (0,7) such that

(11) lim [Ju(t)]1.2 = oc.

t—t,

In such a case we say that the solution v has a blow-up at the time ;. Let us present
now the notion of regular and singular points. A point (z¢,%y) € Q x (0,T) is called a
regular point of u if u is essentially bounded in a space-time neighbourhood U of (xg, to),
that is if u € L>®(U). A point (x¢,ty) € Q x (0,T) is called singular if it is not regular.

If u is a weak solution of (1)-(4) and u € L*(a, b; WOIUQ(Q)) N L*(a,b; W2(Q2)) for
(a,b) € (0,T) then it follows from [22] and [5] that there exists no singular point of u in
Qx(a,b). Vice versa, if (11) holds then it is possible to show that u has at least one singular
point in 2x {ts}. Indeed, let us suppose that u does not have any singular point in Qx {ty}.
It follows then from the definition of regular points of u that u € L®( x (tg — d,tg + 0))
for some § > 0 sufficiently small. By the use of Theorem 8.7 from [24] one gets that
u € L>®(tg —0/2,t0 + 6/2; Wolf(Q)) which is contradictory to (11).



2. Suitable weak solutions and the set of singular points

We see that there exists a close connection between the blow-up of a weak solution u
and its singular points. In what follows we will define a suitable weak solution of (1)-(4)
and present results concerning the set of all singular points of this solution.

Definition 0.3. The pair (u,p) is called a suitable weak solutions of (1)-(4) if u is a
weak solution of (1)-(4) from Definition 0.1 and the so called generalized energy inequality
is satisfied, that is

(12) QV/OT/Q|VU|2¢g/OT/Q [|u\2<g—f+ua¢) + (Jul2 + 2p)u - Vo

for every non-negative real-valued function ¢ € C3°(Qr).

Let us remark that it is not necessary to present the usual assumption that p €
Lo4(Qr) (see [1], p. 780) since it is satisfied for every weak solution, as follows from (6).
There is also an equivalent form of (12):

[ o [ yZRE
(13) [ [ Gy vas)+ [ [ +2mu-vo,

which holds for every non-negative real-valued function ¢ € C§°(Qr) and every t € [0, 7.

The notion of the suitable weak solution was firstly used by Scheffer (see [20]). The
suitable weak solutions were thoroughly studied in [1], where their existence was proved
under the assumption that ug € L2(Q). In the case of a bounded € it is further required

that ug € WSQ//E(Q) (see [1], Theorem A’).

It was proved in [10] that if the initial condition ug is sufficiently smooth (e.g.
uy € Wolg(Q)) then there exists a suitable weak solution u of (1)—(4) which satisfies
the generalized energy inequality for every smooth test function. More precisely, the

following theorem can be proved:

Theorem 0.4. Let uy € Wolf(Q) Then there exists a suitable weak solution (u,p)
of (1)-(4). Furthermore, the function u : [0, T] — L2(Q) is weakly continuous,

2 3
p € L®", where = +——3 s€(1,2), re(3/2,3)

/Q%} \ul2¢+2v/t:2/9|w|2¢ < /Qx{tl} Jul?
Y (T IORN o rwe

holds for every ¢ € C®(Qr),¢ > 0, for every ty € [0,T] and almost every t, € [0,ts].
Moreover, (14) holds also for t; =0 and every ty € [0,T].

and

By the choice of ¢ = 1 in (14) we see that u satisfies the strong energy inequality
which does not seem to be known for the suitable weak solutions satisfying the generalized
energy inequality (13).

We are now interested in what can be said about the set S(u) of all singular points
from © x (0,7 of a suitable weak solution u. It was proved in [1] that one-dimensional
Hausdorff measure of S(u) is equal to zero or more strongly, one-dimensional parabolic
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measure of S(u) is equal to zero. For the definition of both measures see ([1], p.783).
This result is a straightforward consequence of the following regularity criterion proved
in [1] (Proposition 2).

Theorem 0.5. Let (u,p) be a suitable weak solution of (1) - (4). Then there exists a
positive number €, with the following property. Assume that for a point zg = (xg,ty) € Qr
the inequality

1
(15) lim sup —/ Vul? < e,
" JQ(z0m)

r—04
holds, where Q*(zo, ) = B(xo,7) X (to — L1, to + §12). Then zy is a regular point of u.

The generalized energy inequality and a sultable decomposition of pressure play key
roles in the proof of Theorem 0.5. To derive then that Theorem 0.5 implies that one-
dimensional parabolic measure of S(u) is equal to zero, is relatively easy: it suffices to
use the covering Lemma 6.1 from [1] and the fact that u € L?(0, T, W12(Q)). Let us note
here that there exists a close relation between the global regularity of a weak solution u
and the size of the set of all singular points of w.

Theorem 0.5 was improved in [4]:

Definition 0.6. Let h be an increasing continuous function on (0, 1], lim,_o, h(t) =0
and h(1) = 1. For fized § > 0 and E C R3 X R let L(5) be the family of all coverings
{Qm(xl, ti)} of E with 0 < r; <9, that is E C UQ,, (z;,t;), where Q,(x,t) = B,(x) x (t —

r?,t +r%). Put
Ws( =inf(» h(r))
W)= bk

and set

A(E h) = 611%1 Us(E, h).
—04
A(E, h) is called the parabolic measure with respect to h.

If h(t) =t*, a > 0, then A,(E) = A(E, h) is the standard a— dimensional parabolic
measure.

Theorem 0.7. Let (u,p) be a suitable weak solution of (1) - (4). Then A(S(u),h) =
0, ifh(t) =t (In%)” and 0 <o < 2.

The criterion presented in [13] is the generalization of Theorem 0.5 in two aspects.
Firstly, it uses Q(z9,7) = B(wg,7) x (to — 72, o) instead of Q*(zg,7) and secondly, z,
is not only a regular point of u but u is a Holder continuous function in a space-time
neighborhood of 2. Let us note that the same result was also proved in [21] for the case
of zg € 90 and 00 N B,(xp) lying in a plane for some r > 0. In [21] the result was
obtained under the assumption that the generalized energy inequality holds up to the
boundary.

3. Survey of some results on local regularity of suitable weak solutions

We see from the results presented that the set S(u) of all interior singular points of
a suitable weak solution is small in a certain sense. This fact is useful and can serve as
a basis for the proofs of many results on the local regularity of suitable weak solutions.
Before presenting these results let us describe a certain general frame.

The set S(u) is a closed set relatively to Q7. It has one useful consequence. Let
K C ) be a compact set. It is possible to write

(16) (OvT) - U7€F<a77ﬁ7) U G?
9



where I' is at most countable, (a.,3,) are disjoint intervals in (0,7") and the Lebesgue
measure of GG is equal to zero. Further, GG consists of all times in which the solution u has
a singular point in K. It means that there are no singular points of u in K X U,ep(av, 3).

Let us suppose now that D is a sub-domain of Q7 and (zg,tg) € D is an arbitrary
point. If (u, p) is a suitable weak solution of (1)—(4) and if one wants to show that (zg, t()
is a regular point of u then it is possible to suppose (for a detailed discussion see [16],
[11], [12], [17], [18] and also [21] and [9]) that the following conditions are fulfilled:

There exist positive numbers €; < €5 and 7 such that By X [to — T, to + 7] € D
and (By \ By) X [to — 7,to + 7] N S(u) = 0, where B; = B.,(%), i = 1,2 and S(u) is
a set of all singular points of u from (7. Further, there are no singular points of u in
By x [ty — T, 1p), u and all its space derivatives are continuous in (B, \ By) X [to — T, to + 7]
and 2% and p and all their space derivatives are in L?((By \ By) x [tg — 7,1 + 7]) for
every (3 € (1,2). Moreover, if Q = R? then % and p and all their space derivatives are in
LOO((BQ \ B1> X [to — 7,10+ T])

On the basis of the just presented results it is possible to prove many partial regularity
results for the suitable weak solutions. The basic form of these results is asfollows: we
suppose some additional regularity assumption on u or on the derivatives of u or possibly
on the pressure p to be fulfilled in D. Using then this assumption together with the results
just presented, it is then often possible to show the non-existence of singular points of u
in D. Let us present briefly a few results of this type which were proved recently.

The following result was proved in [18].

Theorem 0.8. Let (u,p) (where u = (uq,uz,us3)) be a suitable weak solution of (1) -
(4). Suppose that there exists a sub-domain D of Qr such that usz is essentially bounded
i D. Then u has no singular points in D.

The result was generalized in [16]:

Theorem 0.9. Let (u,p) (where u = (uy, us,u3)) be a suitable weak solution of (1)
- (4). Suppose that there ezists a sub-domain D of Qr such that ug € L™ (D), where
r € [4,00],s € (6,00, % + % < 1. Then u has no singular points in D.

The result from [11]:

Theorem 0.10. Let (u,p) (where uw = (uy,us,u3)) be a suitable weak solution of (1)
- (4). Suppose that D is a sub-domain of Q and uy,uy € L*(0,T;W'3(D)). Then u has
no singular points in D.

The result from [25]:

Theorem 0.11. Let (u,p) (where u = (uy, us,u3)) be a suitable weak solution of (1)
- (4). Suppose that D is a sub-domain of Q and uz € L*(0,T; W'3(D)). Then u has no

singular points in D.
The following result from [17] has an interesting geometric interpretation.:

Theorem 0.12. Let (u,p) be a suitable weak solution of (1) - (4), D is a sub-domain
of Qr and & < & < &3 are the eigenvalues of the tensor %(% + %). Suppose further
that & = & + &1 where

(i) & € LY(D) for some a > ; and

loc

(i) (&4 € L2 (D),

loc
(€X1), denoting the positive part of EXf. Then u has no singular points in D.
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Further results concerning the local regularity of the suitable weak solutions were
described and proved in [15] and [23]. Let us present here one simple example:
Let (wo,t0) € Qr, p> 0, r > 0 and oo = r?/p*. Let us denote

Ul = {(x,t) € Qrito— 09 <t <to,pvto—t < |x —x¢| <7}
Theorem 0.13. Let us suppose that (u,p) is a suitable weak solution to (1) - (4),
(Xo,to) € Qr, p e (0, V 2V) and
w0 <, [t <c inU?

for some ¢ and r > 0. Then (xg,to) is a reqular point of .

4. Proofs of some results on local regularity of suitable weak solutions

The main goal of this section is to show that some criterions on regularity of Leray-
Hopf weak solutions of the Cauchy problem for the Navier-Stokes equations hold also
locally. We will present three examples of such local regularity results. The results are
formulated for the suitable weak solutions. The boundary integrals appearing during
the computations are then easily controllable due to the boundedness of the velocity u
and all its space derivatives near the boundary. Firstly, we begin with the regularity
criterion proved recently in [19] for the Cauchy problem and show that this criterion
holds locally as well. It is also the case for some other results and we present two more
examples concerning the regularity of weak solutions stemming from the regularity of two
components of the vorticity [2] or from the regularity of the pressure [3]. Finally, we
present a regularity criterion near the boundary. Its proof is based on the results in [14].

We will suppose in this section that D C @ is an open set and (z,%p) € D is an
arbitrary point. If (u,p) is a suitable weak solution of (1)-(4) and if one wants to show
that (zo,to) is a regular point of u then it is possible to suppose (for a detailed discussion
see [16] or also [11], [12], [17], [18]) that the following conditions are fulfilled:

There exist positive numbers e; < e, and 7 such that By x [tg — 7,tg + 7] € D
and (By \ By) x [to — 7,to + 7] N S(u) = 0, where B; = B.,(x), i = 1,2 and S(u) is
a set of all singular points of u from Q7. Further, there are no singular points of u in
By x [to— T, 1), v and all its space derivatives are continuous in (By \ By) X [to — 7, to + 7]
and 2 and p and all their space derivatives are in L?((By \ By) x [tg — 7,1 + 7]) for
every (3 € (1,2). Moreover, if Q = R? then ‘98—7; and p and all their space derivatives are in

LOO(<B2 \ Bl) X [to —T7,ty + T])

For further purposes we denote By = B.,(x), where €3 = (1 + £2) /2.

In the chapter we will use the following regularity criterion proved in [13] (see The-
orem 2.2). Let us present here only a simplified version for f = 0.

Theorem 0.14. Let (u,p) be a suitable weak solution of (1) - (4). Then there exists a
positive number €, with the following property. Assume that for a point zy = (xo,t0) € Qr
the inequality

1
(17) lim sup —/ IVul? < e,
Q(z0,7)

r—0 T
holds, where Q(zy,7) = B(wo,7) X (to — 12, t0). Then 2y is a regular point of u.
In fact, Theorem 2.2 in [13] is still stronger than Theorem 0.14. It even says that
the velocity u is Holder continuous function in some space-time neighborhood of z.
The famous criterion proved in [1] (Proposition 2), is weaker then Theorem 0.14,
since it uses Q*(z0,7) = B(wo, ) X (to — £7%,to + £77) instead of Q(zo, 7).
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Let us note that an analogical result to Theorem 0.14 was proved in [21] for the case
of zy € 09 and 9Q N B,.(xy) lying in a plane for some r > 0.

As an inspiration for this section served the following regularity criterion proved
recently by M. Pokorny in [19].

Theorem 0.15. Let ug € WH2(R3) with div ug = 0, Q = R® and let u be a weak
solution of the Navier-Stokes equations (1) - (4) satisfying the energy inequality. Assume
moreover that Vus € LY(0,T; L") with % +,§y < %, % <a<oo 2<vy<o00. Then u
and the corresponding pressure p is the smooth solution of the Navier-Stokes equations,
ie. u € L0, T;WH2(R3)) N L*(0, T; W2%(R?)), Vp € L*0,T; W2(R3)). Moreover,
ue C®([6,T) x R®) and p € C*([6,T) x R?) for any small positive §.

It is possible to prove the following local version of Theorem 0.15.

Theorem 0.16. Let (u,p) be a suitable weak solution of (1) - (4) and D C Qr be an
open set. Assume moreover that Vus € L*7(D) with %—F% < %, % <a<oo,2<y< 0.
Then w has no singular points in D.

We are not going to prove Theorem 0.16 here. Its proof uses the same ideas as the
proof of the following Theorem 0.17.

Let w = curl u = (wy,wq,w3) = (g—x - g—zg,g—ﬁ - g—z;,g—;ﬁ; - g%) denote the vor-
ticity field. The two-component vorticity field is denoted @ = wie; + woes, Where e; =
(1,0,0),ea = (0,1,0). The following theorem is a local version of Theorem 1 proved in

[2].

Theorem 0.17. Let (u,p) be a suitable weak solution of (1) - (4). Let D C Qr be
an open set and © € L*7(D) with%+% <2, 1 <a<oo, % < 7y < 0o or the norm of @
in the space LOO’%(D) is sufficiently small. Then u has no singular points in D.

Proof: The proof of Theorem 0.17 follows the lines of the proof in [2]. The boundary

integrals can be handled because the suitable weak solution is considered. We begin with
the equation

0
(18) a—j—yAw—ku-Vw—w-Vu:O.
Multiplying (18) by w and integrating it over B3 we get that
1d Ow 1
19 ——|lw®)||3 + v||Vw(t 2:/ w-Vu-w+ —~w——/ u - njwl|?
19) Gl + vl = [ ey wenkl

holds for almost every ¢t € (tg — 7,ty). The last two boundary integral can be estimated
by a constant ¢ independent of time.
We estimate the integral f33 w - Vu-w. We can express u by means of w:

u(z) = 1/ rot w(§) i

_E Ba |£L‘—€’
1 ou 1 1 0 1
L[ Oup b e 1 g1 e
(20) Tar Jp, one =g 4° 4w/f)32“(5)as|x—5| :

Equation (20) holds for every t € (ty — 7,ty) and every « € B,. Therefore, v = u + «,
where @ is defined by the first integral on the right hand side of (20) and @ is defined by
sum of the second and the third integral on the right hand side of (20). Since D)u €
L*>®(B3 x (tg — T,t9)) for every multiindex v = (71,72,73), 7 > 0, ¢ = 1,2, 3, it is possible
to notice that there are no problems with u in the following procedures. Therefore, we
work only with u and for the sake of simplicity denote it as wu.
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From the definition of u we have for every x € B3 that

= 1 Y deS
Oz ) 0 oB.(z) 985 |7 — 5’6 nk{)enlE)de

0 1 q e (§)wi(§)deS

OBy a_fy |z —
+ i o L

1m I——

e—04 Ba.(z) 8§]a§k |Qj - 5|

where By (v) = B \ B:(z) and €, is the Levi-Civita’s tensor. After short computation
one can get

€ilkWi (E)df

4m
Li(z) = —?Ez‘jluﬁ(fﬁ)
and if we put I;(x) into the integral fB,3 w - Vu - w instead of Vu we get
4dm
(22) / w-Vu-w= __fl'jl/ wiwjw; = 0.
Bg 3 BB

Since | — &| > (g2 — £1)/2 for every x € Bs and every { € 0B, I is bounded in
Bs x (to — 7,19) and for the sake of simplicity we do not consider this term any further.
If we put I3(z) into the integral f33 w-Vu-w instead of Vu and decompose w = 0+,

& = (0,0,ws), we get

: 0 1
oo (i ], s gt €) )

:/ “’J'Pij(w)wz‘:/ ijij(@)@ﬂr/ w; Py (@)@
B3 BS Bg
(23) + / w; Py (0)@; + / w; Py (D).

BS Bg

P(-) = (P;(-))} ;= denotes the singular integral operator defined by the third integral in

(21). The last integral is equal to zero. The remaining three integrals on the right hand
side of (23) can be estimated by

LllP@IE + [ wlP@el + [ IP@)
B3 Bs B3
<e |w|2|P(Cu)|—|—c/ W PGV |@] = i + .
B3

Bs

We have by the Holder inequality, the Calderon-Zygmund inequality, the interpolation
inequality, the Sobolev inequality and the Young inequality that

2v—3

- - S 2 1 o
(24) L= IP@ el < cll@lh vl Vel < gvivels + Clolllwll:

The same estimate can be obtained for Js:
1 ~ |
(25) Jo < ZVHWI% + @l llwll3.
If a =00 and v = % then both J; and J, can be estimated by

(26) Cllalls IVl
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We get from (19) - (26) that
d ~ ||
(27) Zle®lz +vIVe@llz < Cl@l[lwlz +C
and by the Gronwall lemma we have
(28) w € L™(tg — 7,to; L*(Bs)) N L*(to — 7, to; W?(Bs)).
We can write for every x € B3 that
1 / 1
u(xr) = — Ve—— X w(§) d€
() An B, §|x_€| ()
1 1 ou 1 0 1
29 —|——/ —(w xn(&) + — )dS—— ———u(&) deS.
@) g | (e @+ 5r0) ds - | Sl de
The boundary integrals on the right hand side of (29) cause no problems because they
are from L*(ty — 7,t0; L>°(B3)). Applying now the famous results (see e.g. [8]) on the
first integral in (29) we get that
(IS Loo(to -7, to, L6<Bg))
and from this we are going to derive that
(30) u € L®(tg — 7, to; WH2(B3)).
In fact we will show a stronger result which we will need further in the proof of Theo-
rem 0.18: if u € L>®(to—T,t0; L*(B3)), s € (3,6], then u € L>(ty— 7, to; W'?(Bs)). Let us
multiply the equation (1) by —Auw, integrate it over By and use the integration by parts.
We get

1d
@31 gVl + visul = |

Bs

u~Vu~Au+/ pn~Au—|—/ nVu%
0B3 0B3 at

The last two boundary integrals are from LP(to —7,t,) for any 3 € (1,2). Let us estimate
the integral f33 u - Vu - Au.

s—3 3
[V Al < Jlull I Val 2 | Adlls < lallJIVal,® [Val§llAu]
B3
s—=3 s+3 1% 273
(32) < clull[[Vullo® V2l < SIVulls +cllulls™ [Vullz,

where we used the Holder inequality, the interpolation inequality, the Sobolev inequality
and the Young inequality. (30) now follows from (31) and (32). It means that the
assumption (17) is fulfilled and Theorem 0.14 gives that (xg,%o) is a regular point of w.
Since (xg,to) was an arbitrary point in D, Theorem 0.17 is proved. e

We will now turn our attention to the paper [3]. The main result of this paper is the
following theorem:

Theorem 0.18. Let uy € L*(R?) N LY(R3) for some q¢ > 3 with div ug = 0 in the
sense of distributions and Q@ = R3. Suppose that u is a Leray-Hopf weak solution of (1) -
(4) in [0,T). If p e L*7(R?) wz’th%jt% <2andl<a<oo, 2 <y<oo, orpe L,
or else ||p||poe.ss2 is sufficiently small, then u is a reqular solution in [0,T).

For some «, 7y it is possible to prove a local version of Theorem 0.18 - see Theorem 0.20.
In the proof of Theorem 0.20 we will use the following Gronwall lemma (see [26], p. 88).

Lemma 0.19. Let g, h and y be locally integrable nonnegative functions on [0, 00)
that satisfy the differential inequality

y'(t) < g(t)y(t) + h(t) on [0,00), y(0) = yo.
14



Let the function y'(t) be also locally integrable. Then

t t s
y(t) < y(0)exp (/ g(T) d7'> +/ h(s)exp < —/ g(T) dT) ds, t > 0.
0 0 t
Theorem 0.20. Let (u,p) be a suitable weak solution of (1) - (4). Let D C Qr is an

open set and p € LY (D) with 1 < a < o0, % < v < o00. Then u has no singular points
in D if one of the following conditions is fulfilled:

2 3
(i) —+—-<2, v€(3,00) and o > 2,
a v
. 2 3 .
(1)) —4+—<2, y€(3,00) and Q =R,
O
2 3 3
i) —+ — < 2 and -3
(1i1) oz+7 an 76(2, 1,

(iv) y=o00, a =1 and Q =R3,
3

(v) 7= 5y @ =00 and the norm ||p||oo% is sufficiently small .
Proof: Let s > 3. The proof is based on the inequality
d
G [ e [l
dt Bs Bs
<2s=2) [ Pplll T VIl + | [ spunful?
B3 0B3

(33) + non-problematic boundary integrals,

which can be obtained by multiplying the equation (1) by su|u|*~? and using the integra-
tion by parts. The non-problematic boundary integrals and the boundary integral with
p on the right hand side of (33) are from the space L'(ty — 7,%y). Using the Gronwall
lemma they play the role of the function h.

We can write

e O

e—04 47T BQ,E(Z) aylay] ’l’ — y’
! 9 o 1
i o,y @@ o~ ws ) g
9p 1 o 1
4 — —
(34) +BHWM$_y| Mwamﬁm_yﬁcgs p1(x) + po(2),

for every x € Bj, where py is defined by the boundary integral in (34). Let us note
that in the following estimates p; will be handled using the Calderon-Zygmund inequality
and py € LP(ty — T,to; L>(B3)) for every 3 € (1,2) if Q is a bounded domain and
P2 € Loo(to - T, t(], LOO<B3)> if ) = R3.

Let us estimate the integral I = fB3 Ip||u
We will discus the assumptions (i) - (v).

(i) %+%<2, v € (3,00) and a > 2.

Then there exists s € (3,7), such that

“2°|V|u|*?| on the right hand side of (33)

2 3 _s-3
(35) o2 25577
a 77 9
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By the Holder inequality and the Young inequality we have
2 2|y <

s(lff)

(36)

Without lack of generality we can suppose that ||ul|s > 1 for almost every t € (ty — 7, ).
The inequality (36) $ and by the use of (33) and
Lemma 0.19 we get that
(37) S Loo<t0 -7, to, LS(Bg>)
We will show that (37) holds also in the case of conditions (ii) - (v).

(i) 2+2 <2, v€(3,00) and Q =R

Agam as in (i), there exists s € (3, fy) such that (35) is satisfied. Then

ES
2

s—2
ulls” < c(li + 1),

(38) 1< [pllallullsT IVl

2'y s
Pl

2 < IIPH“ :

where we used the interpolation 1nequahty and

|2'y.5

ull T |V ul [l k=12

= Ilpell 2 Ipl

Due to the definition of p; in (34) and the Calderon-Zygmund inequality we have

2y—2s

+
Iy < lulls7™ HpH” ’ ") H” ’
2
753)
(39) S ells,
since % < « as a consequence of the inequality (35). Further,
2v—2s
2vy—s

(40) I < =

Since 2 = R?, we know that p, € L°°(t0 — 7,10; L®(Bs)) and

S

(41) I < 2|27 A

In the same way as in (1) we can conclude from (33), (38), (39), (41) and Lemma 0.19
that (37) is satisfied.

(iii) 2+ 2 <2and v € (3,3].

Let us suppose firstly that

(42) v € (9/4,3].
Then there exists s > 3 such that

3s 2 3 3
43 > d2—=———->1-— -,
(43) " s+ 1 an a oy S

The Holder inequality, the interpolation inequality, the Sobolev inequality and the Young
inequality give

ys—3s+7 35—3y
2 < lpllyllulls = flulls,™

ys—3s+ 35—3y

< [lplly IIUII IVl

s
2

I< ||p||7!|UI|7<s 2 [[VIu

+

T

_27"7)
~vs—3s+3vy

(44)
2vs
vs—3s5+3y

second inequality in (43)) and (37) is satisfied.

The last inequality follows from the inequlity < « (which is a consequence of the
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Secondly, let
(45) v € (3/2,9/4].

Then there exists s > 3 such that

2 3 s-3
(46) 92 _2.7%7°
a a

The Holder inequality and the interpolation inequality give
(s 1) 33—'y—'ys

T ully?

C(Il + ]2),

s—2
ullss | 2 < [Ipll5

47) I <|p|

3s
s+1

where

(s— 1) 3s—v 7’ys

By the Holder inequality, the Sobolev mequality, the Young inequality and the fact that
7>—1 < o (which follows from the inequality (46)) we have

2v-3
~v(s—1) 65— 2’7—2’79+ y(s—1) . 65—8v+6
I < lplly™ fullss ™ 2 < [lplly" e
y(s=1)
(48) <dplly""* 2|3 < cliplls

Further, by the Sobolev inequality and the Young inequality

(s=1) 3s—y—7s ys(s=1) s(3s—y—7s)
T ol IV 7 P el

(49) L <|p|

Now we show the integrability in time of the second part of the right hand side of the last
inequality. The Holder inequality gives for some 5 € (1,2) sufficiently close to 2 that

to 75(521 8(3S WZ vs) ’Y;(igl) S(3S “/ 75)
(50) / Tl ™ <ol P el
to—T ABs—27)—s@s——s7) "
s(85-79)
Since py € LB (ty — 7,t0; L=(B3)), we have ||ps 2?7 < oo. To show the boundedness
8,5

of the integral on the left hand side of the 1nequahty (50), it is now sufficient to realize
that
Bsy(s — 1)
51 < a.
(51) B(Bs —27) —s(3s =y — s7)

We know that

(52) 2

2y —3

< .

If we denote

Bsy(s — 1)
53 9y(B,5) = 7
(53) 1(5.5) B(3s —27) = 5(3s —7 — s7)

then for every v € (%, %], g~ is a continuous function in 3, s defined in an open neighbour-
hood of the point (2,3). It can be easily verified that

(54) 9+(2,3) <

2y 3
-3 for every v € <2 4}
For (3 sufficiently close to 2 and s sufficiently close to 3 the inequality (51) now follows
from (52), (53), (54) and the continuity of g, at the point (2,3). Therefore, the value
of the integral on the left hand side of the inequality (50) is less than oo and (37) now
follows from (33), (47), (48), (49) and Lemma 0.19.

(iv) y =00, a =1 and Q = R3.
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Then by the Holder inequality

(55) I < ||p||oo||p|| Jull s | < c(ly + ),
where
= |lpllZ 1o 3 ull:* | k=12
In the standard way we can estimate
(56) I <
_2
(57) I, < s u||§(1 ),

The term ||p|lool|p2l|5 from (57) is mtegrable in time since py € L>®(ty— 7, t9; L°(Bs)) and
(37) now follows from (55), (56), (57), (33) and Lemma 0.19.

(v) v =2, a = 0o and the norm HpHOO% is sufficiently small .

Then for s > 3

(59 1< bl

2

xalky

C([l + IQ),

s—2
uHSs

where

2

s
2

2 IVl

0, k=1,2.

The Calderon-Zygmund mequahty gives

S
22 &

(59) Lo< plls el Vi

and we see that to finish the proof in this case the sufficient smallness of the norm ||p|| s
is necessary. Further,

. 2(s—1)
2

HV\U

2 < HPH Hp2

HPH (21
(60)

The term |\pH§|]p2 i is clearly integrable in time if s € (3,4). Let us notice that for
2 2

the estimate of I, we did not need the assumption on the smallness of the norm ||p||, s
Again, (37) now follows from (33), (58), (59), (60) and Lemma 0.19.

Thus, (37) holds for every condition (i) - (v) for some s > 3. As was shown in
the proof of Theorem 0.17, we then have u € L (ty — 7,to; W'?(B3)) and the proof of
Theorem 0.20 can be concluded by the use of Theorem 0.14. o

5. Two results on boundary regularity of suitable weak solutions

In this section  C R? is a bounded domain with smooth boundary 92. We present
two results concerning the boundary regularity od suitable weak solutions of (1)—(4). The
first result was proved recently in [21]:

Theorem 0.21. Let (u,p) be a weak suitable solution of (1)-(4) from Theorem 0.4.
There ezists a positive number € with the following property. Let (xo,to) € 082 x (0,7T)
and Bs(xo) N O is a part of a plane for some 6 > 0. Let the inequality

1
(61) lim sup —/ Vul? < e
QF (zo,to,r)

r—0y T
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hold, where QT (o, to,r) = [B,(z0) X (to —12,t0)] N Q7. Then (zg,to) is a reqular point of
u. Moreover, there exists a neighbourhood U of the point (xg,to) such that the function u
is Héolder continuous in U N Q.

The second result comes from [14]. For r > 0 we denote
U, = U (09) = {x € Q; dist(x,00) < r}.

Theorem 0.22. Let u be a weak solution of (1) - (4) that satisfies the strong energy
inequality. Let 0 <t <ty <T and one of the two following conditions be fulfilled:

(i) u € LP(ty,te; LY (U,)3) for some r > 0, %—I— q% <1, p€|2,00]q" € (3,00,

(i) u € L>®(ty, to; L*(U,)?) and ||ul] Loty b0 031,02y is sufficiently small.

Let ¢ > 0 be such a number that t1+¢ < ta—C. Thenu € L*®(t,+(, ta—C; W2H2(U,)?)

and both % and Vp belong to L= (t1+(, ta—(; WO2(U,)?) for each § € [0,3) and p € (0, 7).

It follows from Theorem 0.22 that u € L>(U, x (t; + ¢,t2 — ¢)) and there are no
singular points near or on the boundary 0f).

We show that the same result as in Theorem 0.22 can be proved if the conditions (i),
(ii) are replaced by conditions on the vorticity field w. To this purpose we work with a
weak suitable solution of (1)—(4) from Theorem 0.4. We will prove the following theorem:

Theorem 0.23. Let (u,p) be a suitable weak solution of (1) - (4) that satisfies the
generalized energy inequality (14) for every ¢ € C®°(Qr), ¢ > 0 and every0 < t; <ty < T.
Let

2 3 3
(62) w € LP(ty,ty; LY(UR)) for some R > 0, p + p <2, p€2,],q€ [5,3].

3 we still suppose that the norm w in the space L®(t1,t2; L3 (Ug)) is

If p =00 and q =
sufficiently small.

Then either the condition (i) or the condition (ii) from Theorem 0.22 is fulfilled for
any 0 < r < R and thus all the conclusions of Theorem 0.22 hold. FEspecially, there exist

no singular points of u in U, x (t; — (,ta +¢) for any r € (0, R) and ¢ > 0.

o

Proof: Let 0 < r <n < R. We start with the equality (29) with U,, instead of By which
holds for every x € U,.. Moreover, n can be chosen in such a way that there are no singular
points of u on (U, NQ) x (0,T). It follows from the fact that u is a suitable weak solution
- for a detailed discussion see [16], [17], [18]. The boundary of U, consists of two parts,
0Q and 0U, N Q. Let us investigate firstly the boundary integrals in (29) over 0€2. The
second integral is equal to zero due to the homogeneous boundary conditions (3). After
short computation the first integral can be written as

(63) | g vu©) o) des.

o lr—¢|

Let & € 99 is an arbitrary point. Then 24 (&)n,(€) is a tensor of the third order and

ox
ou

therefore 522 (§)n;(€) is a vector. Let us choose a new coordinate system with the z; axis in

the direction of the outer normal vector to 92 in the point £&. Then the vector %(5 )n;(€)
has the form (g—fﬁ,(),()) due to the homogeneous boundary conditions (3) and the fact
that in the new coordinate system ns(&) = n3(§) = 0. Using the continuity equation (2)

and the homogeneous boundary conditions (3) we obtain %(f) = —g—;‘;({) - g—zg(f) = 0.

Thus, %(ﬁ)nj(ﬁ) is a zero vector in any coordinate system. We can conclude that the
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integral (63) is equal to zero and the equality (29) can be written as

1 1
u(z) = E/Un Vsm x w(&) d€

+{ 1 / ;(w(g) x n(€) + g_Z@) deS

A Jou,na |z — €|

(69 [l deS ) = () + o)

- — u
A Jou,na One |z — €]

Since u € C*°(2) for almost every t € (0,T) (see e.g. [6], Theoreme de Structure), the
equality (64) holds for almost every t € (1, t2).

Now, since |1'_i£| < ﬁ for every x € U, and every £ € OU,, N2 and u is bounded on
(0U, N Q) x (t1,t2), we have that
(65) U € LOO<Ur X (tl,tg)).

For the first integral in (64) we use the result from [8], Lemma 7.12, and get that u; €
LP(ty,ty; L9 (U,)), where é— L = % and %—i— q% = 1. Therefore, if % < ¢ < 3 and
3 < q¢* < oo, then u; and also u (see (65)) satisfy the condition (i) from Theorem 0.22.
If ¢ = % and ¢* = 3, then u, satisfies the condition (ii) from Theorem 0.22. The proof of

Theorem 0.23 can now be concluded by the use of (65) and Theorem 0.17. o
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